
Groodul}dwlrq ri Oldelolwlhv=

Xqghulqvxudqfh dqg Grphvwlf Ilqdqfldo Xqghughyhorsphqw

Ulfdugr M1 Fdedoohur Duylqg Nulvkqdpxuwk|W

Mxqh 4</ 5333

Devwudfw

Zkloh wkhuh lv vwloo pxfk glvdjuhhphqw rq wkh fdxvhv xqghuo|lqj uhfhqw hphujlqj pdu0

nhwv* fulvhv/ rqh idfwru wkdw prvw revhuyhuv kdyh djuhhg xsrq lv wkdw frqwudfwlqj �groodu%

+iruhljq fxuuhqf|, ghqrplqdwhg h{whuqdo ghew �dv rssrvhg wr grphvwlf fxuuhqf| ghew�

fuhdwhg edodqfh vkhhw plvpdwfkhv wkdw ohg wr edqnuxswflhv dqg glvorfdwlrqv wkdw dpsol0

�hg grzqwxuqv1 Pxfk ri wkh dqdo|vlv ri wkh �fxuuhqf|0edodqfh vkhhw fkdqqho% klqjhv rq

wkh dvvxpswlrq wkdw frpsdqlhv frqwudfw groodu ghqrplqdwhg ghew1 \hw wkhuh kdv ehhq

olwwoh v|vwhpdwlf lqtxlu| lqwr zk| frpsdqlhv pxvw ru fkrrvh wr wdnh rq groodu ghew1 Lq

wklv sdshu zh fdvw wkh sureohp dv rqh ri plfurhfrqrplf xqghulqvxudqfh zlwk uhvshfw

wr frxqwu|0zlgh djjuhjdwh vkrfnv1 Ghqrplqdwlqj h{whuqdo ghew lq grphvwlf fxuuhqf| lv

htxlydohqw wr frqwudfwlqj wkh vdph dprxqw ri groodu0ghew/ frpsohphqwhg zlwk lqvxudqfh

djdlqvw vkrfnv wkdw ghsuhfldwh wkh htxloleulxp h{fkdqjh udwh1 Wkh suhvhqfh ri frxqwu|0

ohyho lqwhuqdwlrqdo �qdqfldo frqvwudlqwv mxvwli| wkh sxufkdvh ri vxfk lqvxudqfh hyhq li doo

djhqwv duh ulvn qhxwudo1 Krzhyhu/ li grphvwlf �qdqfldo frqvwudlqwv dovr h{lvw/ grphvwlfv

zloo xqghuydoxh wkh vrfldo frqwulexwlrq ri frqwudfwlqj lqvxudqfh djdlqvw frxqwu|0zlgh

vkrfnv1 Iruhljq ohqghuv zloo uhlqirufh wkh xqghulqvxudqfh sureohp e| uhgxflqj wkhlu

sduwlflsdwlrq lq grphvwlf �qdqfldo pdunhwv1

MHO Fodvvl�fdwlrq Qxpehuv= B

Nh|zrugv= Fxuuhqf| plvpdwfk/ edodqfh vkhhwv/ �qdqfldo frqvwudlqwv/ lqvxudqfh/

frqwlqjhqw fuhglw olqhv/ sxw rswlrqv/ fdslwdo  rzv/ wklq pdunhwv/ olplwhg sduwlflsdwlrq1

WUhvshfwlyho|= PLW dqg QEHU> Qruwkzhvwhuq Xqlyhuvlw|1 Zh wkdqn111 iru wkhlu frpphqwv/ dqg wkh QVI

+Fdedoohur, iru �qdqfldo vxssruw1 H0pdlov= fdedooCplw1hgx/ d0nulvkqdpxuwk|Cqzx1hgx1



4 Lqwurgxfwlrq

Zkloh wkhuh lv vwloo pxfk glvdjuhhphqw rq wkh fdxvhv xqghuo|lqj uhfhqw hphujlqj pdunhw

fulvhv/ rqh idfwru wkdw prvw revhuyhuv kdyh djuhhg xsrq lv wkdw frqwudfwlqj �groodu� +iruhljq

fxuuhqf|, ghqrplqdwhg ghew �dv rssrvhg wr grphvwlf fxuuhqf| ghew� fuhdwhg edodqfh

vkhhw plvpdwfkhv wkdw ohg wr edqnuxswflhv dqg glvorfdwlrqv wkdw dpsol�hg grzqwxuqv1 Pxfk

ri wkh dqdo|vlv ri wkh �fxuuhqf|0edodqfh vkhhw fkdqqho� klqjhv rq wkh dvvxpswlrq wkdw

frpsdqlhv frqwudfw groodu ghqrplqdwhg ghew14 \hw wkhuh kdv ehhq olwwoh v|vwhpdwlf lqtxlu|

lqwr zk| frpsdqlhv fkrrvh wr wdnh rq wklv w|sh ri ghew1 Frpsdqlhv fhuwdlqo| uhfrjql}h wkdw

frqwudfwlqj groodu ghew eulqjv zlwk lw wkh frvw ri d edodqfh vkhhw plvpdwfk1 Rq wkh rwkhu

kdqg/ wkh oxuh ri groodu ghew lv wkdw d frpsdq| lv deoh wr ixqg lwvhoi 0 dw ohdvw qrplqdoo| �

dw orzhu lqwhuhvw udwhv1 Lv wkh orz sulfh ri iruhljq ghew zruwk wkh edodqfh vkhhw ulvn iru d

frpsdq| lq dq hphujlqj pdunhwB Gr sulfhv doorfdwh wkh ulvn h!flhqwo|B Vkrxog d srolf|

pdnhu eh frqfhuqhg wkdw frpsdqlhv xqghusulfh wkh ulvn ri groodu ghew dqg wkhuhiruh wdnh

rq wrr pxfk ri lwB

Dw dq devwudfw ohyho/ wkh ghflvlrq wr wdnh rq groodu ghew dv rssrvhg wr grphvwlfdoo|

ghqrplqdwhg ghew lv d ghflvlrq wr rsw rxw ri lqvxudqfh djdlqvw edg djjuhjdwh vwdwhv ri wkh

zruog15 Lpdjlqh d Wkdl frpsdq| wkdw idfhv d fxuuhqf| ghqrplqdwlrq fkrlfh lq wdnlqj rq

rqh shulrg ghew1 Vxssrvh wkdw qh{w shulrg wkhuh duh wzr +djjuhjdwh, vwdwhv ri wkh zruog= lq

wkh jrrg vwdwh wkh edkw2groodu h{fkdqjh udwh lv rqh/ lq wkh edg vwdwh lw wdnhv pruh edkw wr

sxufkdvh d groodu dqg wkh h{fkdqjh udwh lv wzr1 Lq hlwkhu vwdwh ri wkh zruog/ wkh frpsdq|

zloo kdyh dvvhwv wkdw duh zruwk D edkw1 Wkhq/ li wkh frpsdq| fkrrvhv wr wdnh rq G_ grooduv

ri ghew/ lwv ydoxh qh{w shulrg lv/6

Jrrg = D�G_ ru Edg = D� 5G_=

Zkloh li wkh frpsdq| wrrn rq GK edkw ghew/ lwv ydoxh lv/

Jrrg = D�GK ru Edg = D�GK=

Qrupdol}lqj e| vhwwlqj G_ @ GK/ zh fdq vhh wkdw wkh rqo| gl�huhqfh ehwzhhq wkhvh wzr

fdvhv lv wkdw lq wkh iruphu wkh frpsdq| lv uhtxluhg wr pdnh dq dgglwlrqdo sd|phqw ri G_

lq wkh edg vwdwh ri wkh zruog1 Wkxv/ rqh fdq vhh wkh ehqh�w gxh wr lvvxlqj edkw ghew dv

wkdw ri sxufkdvlqj lqvxudqfh djdlqvw wkh edg djjuhjdwh vwdwh1 Wkh �up ex|v d sxw rswlrq

4Iru prghov ri wkh edodqfh vkhhw fkdqqho lq phujlqj pdunhwv/ vhh h1j1/ Fdedoohur dqg Nulvkqdpxuwk|

+4<<<,/ Nuxjpdq +4<<<,/ Djklrq/ Edffkhwwd dqg Edqhumhh +4<<<,/ Yhodvfr dqg Fkdqj +4<<<,/ Wruqhoo dqg

Vfkqhlghu +4<<<,1
5Iurp jhqhudo htxloleulxp dvvhw sulflqj uhvxowv/ lw pd| vhhp rgg wkdw zh uhihu wr lqvxulqj djdlqvw djjuh0

jdwh vkrfnv1 Zlwk khwhurjhqhlw| vxfk lqvxudqfh lv ghvludeoh/ zloo eh wudghg/ dqg fdq d�hfw uhdo rxwfrphv1
6Zh kdyh dvvxphg wkhuh lv qr edqnuxsw| khuh/ ru wkdw � : 2(_1

4



sd|lqj G_ lq wkh edg vwdwh ri wkh zruog1 Wkh frvw ri wklv vwudwhj| lv wkh rswlrq0suhplxp/

zklfk lv uh hfwhg lq d kljkhu h{0dqwh lqwhuhvw udwh ylv0ã0ylv wkh groodu0lqwhuhvw udwh17

Lq rxu prgho doo djhqwv duh ulvn qhxwudo exw grphvwlfv ydoxh dqg ghpdqg lqvxudqfh

ehfdxvh wkh| idfh d ulvn ri oltxlgdwlrq lq edg vwdwhv ri wkh zruog +ru surgxfwlrq lqwhuuxswlrqv,

dv lqwhuqdwlrqdo �qdqfldo frqvwudlqwv pd| ehfrph elqglqj iru wkh frxqwu|18 Li/ dv d uhvxow

ri wkh odwwhu/ djhqwv h{shfw wkh h{fkdqjh udwh wr ghsuhfldwh vkduso| gxulqj edg djjuhjdwh

vwdwhv ri wkh zruog/ wkh| zloo surylvlrq lqwhuqdwlrqdo oltxlglw| iru wkhvh vwdwhv � phdqlqj

wkh| zloo �sxufkdvh% lqvxudqfh wkdw sd|v wkhp grooduv lq wkh edg vwdwhv ri wkh zruog1

Wkh txhvwlrq zh dvn lv zkhwkhu grphvwlfv sxufkdvh d vrfldoo| h!flhqw dprxqw ri lq0

vxudqfh1 Grphvwlfv zloo ghpdqg wkh uljkw dprxqw ri lqvxudqfh iurp wkh vrfldo srlqw ri

ylhz rqo| li wkh htxloleulxp h{fkdqjh udwh �lq rxu prgho/ wkh uhodwlyh sulfh ri iruhljq wr

grphvwlf dvvhwv� uh hfwv wkh vrfldo ydoxh ri dq h{wud xqlw ri lqwhuqdwlrqdo oltxlglw| +dvvhwv,1

Zh vkrz wkdw zkhq grphvwlf �qdqfldo pdunhwv duh zhoo ghyhorshg/ lq wkh vhqvh wkdw d gr0

phvwlf �up fdq sohgjh lwv hqwluh pdujlqdo surgxfw iurp lqyhvwphqw wr grphvwlf ohqghuv/ wkh

h{fkdqjh udwh lqghhg uh hfwv wklv pdujlqdo surgxfw dqg plfurhfrqrplf lqvxudqfh ghflvlrqv

vxssruw wkh vhfrqg ehvw1 Exw zkhq grphvwlf �qdqfldo pdunhwv duh xqghughyhorshg/ grphv0

wlf ghpdqg iru lqwhuqdwlrqdo oltxlglw| gxulqj fulvhv lv ghwhuplqhg e| wkh olplwhg dydlodelolw|

ri grphvwlf froodwhudo udwkhu wkdq e| pdujlqdo surgxfw1 Wkh hpslulfdo frxqwhusduw ri wklv

vfhqdulr lv d zhgjh ehwzhhq wkh lqwhuqdo uhwxuq rq lqyhvwphqw iru d grphvwlf �up dqg wkh

h{whuqdo uhwxuq wkdw lv surplvhg wr ohqghuv1 Dv d uhvxow/ lqwhuqdwlrqdo oltxlglw| lv xqghuydo0

xhg/ dqg lqvxudqfh wr jxdug djdlqvw d odfn ri lqwhuqdwlrqdo oltxlglw| lv hvfkhzhg e| grphvwlf

�upv19

Lq dgglwlrq wr grphvwlf ghpdqg sureohpv/ xqghu0lqvxudqfh pd| eh gulyhq e| h{whuqdo

vxsso| sureohpv dv zhoo1 Wkh srolf| olwhudwxuh kdv hpskdvl}hg vxsso|0vlgh h{sodqdwlrqv iru

oldelolw| groodul}dwlrq1 Iru h{dpsoh/ Kdxvpdqq/ hw do +4<<B, uhihu wr wkh �ruljlqdo vlq% ri

hphujlqj pdunhwv dv wkh lqdelolw| wr eruurz iurp iruhljq lqyhvwruv lq grphvwlf fxuuhqf|1

D irupdol}dwlrq ri d vxsso| h�hfw lv lq Fdoyr +4<<B,/ zkr dujxhv wkdw iruhljqhuv ihdu wkdw

jryhuqphqwv zloo surwhfw grphvwlfv e| uhgxflqj h{whuqdo ghew wkurxjk ghydoxdwlrqv li wklv

7Htxlydohqwo|/ wkh ehqh�w gxh wr lvvxlqj groodu ghew lv wkh suhplxp rq vhoolqj d iruhljq fxuuhqf| rswlrq

sd|lqj (_ li wkh edg vwdwh ri wkh zruog dulvhv1 D frpsdq| wkdw fkrrvhv wr lvvxh groodu ghew uhfhlyhv wklv

rswlrq suhplxp lq whupv ri d orzhu qrplqdo lqwhuhvw frvw/ exw idfhv wkh ulvn wkdw lq edg vwdwhv ri wkh zruog

lw pxvw pdnh d kljkhu sd|phqw1
8Wkh khgjlqj prwlyh lv dv lq Iurrw/ Vfkduivwhlq dqg Vwhlq +4<<B,/ dowkrxjk lq rxu fdvh lw frphv iurp dq

htxloleulxp0djjuhjdwh udwkhu wkdq d plfurhfrqrplf frqvwudlqw1 Ilqdqfldo frqvwudlqwv lq d g|qdplf vhwwlqj

fuhdwhv khgjlqj ghpdqg1
9Rxu phfkdqlvp lv vrphzkdw uhodwhg wr Grroh| +4<<B,1 Lq klv fdvh d �{hg h{fkdqjh udwh idlov ehfdxvh lw

surylgh iuhh lqvxudqfh wr wkrvh wkdw eruurz lq grooduv1 Lq rxu fdvh/ lw lv wkh xqghughyhorsphqw ri grphvwlf

�qdqfldo pdunhwv udwkhu wkdq wkh jryhuqphqw*v frpplwphqw wkdw glvwruwv lqfhqwlyhv e| orzhulqj wkh ydoxh

ri h{fkdqjh0udwh0lqvxudqfh wr plfurhfrqrplf djhqwv1
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ghew lv ghqrplqdwhg lq orfdo fxuuhqf|/ dqg wkhuhiruh vk| dzd| iurp grphvwlf fxuuhqf|

ghew1:*; Rxu iudphzrun dovr dggv qdwxudoo| wr wkh olvw ri vxsso| sureohpv1 Zh h{whqg

rxu prgho dqg vkrz wkdw grphvwlf �qdqfldo xqghughyhorsphqw fdq d�hfw iruhljq ohqglqj

vxsso| dqg lqvxudqfh lq wzr zd|v1 Iluvw/ dv �qdqfldo ghyhorsphqw idoov/ iruhljq ohqghuv

�qg wkdw lw lv ohvv sur�wdeoh wr ohqg wr �upv zlwk srru froodwhudo/ dqg khqfh wkhlu hqwu|

lqwr grphvwlf �qdqfldo pdunhwv lv fxw edfn1 Vhfrqg/ zkhq lqwhudfwhg zlwk d wklq0pdunhw

vxsso| h{whuqdolw|/ zh vkrz wkdw wklv zlwkgudzdo udlvhv wkh ulvnv wkdw wkh ihzhu vxssolhuv

duh h{srvhg wr dqg khqfh fdq ihhgedfn lqwr kljkhu ohqglqj dqg lqvxudqfh suhpld1

Wkh qh{w vhfwlrq ri wklv sdshu od|v rxw wkh prgho/ zkloh vhfwlrq 6 ghvfulehv wkh xq0

ghulqvxudqfh sureohp1 Vhfwlrq 7 h{soruhv lq ghswk wkh frqqhfwlrq ehwzhhq xqghulqvxudqfh

dqg grphvwlf �qdqfldo xqghughyhorsphqw1 Wklv vhfwlrq dovr vhuyhv dv d wudqvlwlrq wr vhfwlrq

8/ zkhuh zh glvfxvv h{whuqdo vxsso| sureohpv wkdw pd| dulvh lq wklv frqwh{w1 Vhfwlrq 9

frqwdlqv �qdo uhpdunv1 Dq dsshqgl{ iroorzv1

5 Wkh Prgho

Lq wklv vhfwlrq zh suhvhqw wkh fruh prgho1 Lw kdv wkuhh edvlf lqjuhglhqwv/ doo ri wkhp

qhfhvvdu| wr dgguhvv wkh lvvxhv kljkoljkwhg lq wkh lqwurgxfwlrq= Iluvw/ lw urrwv wkh qhhg iru

lqwhuqdwlrqdo lqvxudqfh rq wkh suhvhqfh ri h{whuqdo �qdqfldo frqvwudlqwv dqg frxqwu|0zlgh

vkrfnv1 Vhfrqg/ lw olqnv wkh ghqrplqdwlrq ri h{whuqdo ghew wr wkh lqvxudqfh sureohp1 Dqg

wklug/ lw kljkoljkwv wkh uroh ri lpshuihfwlrqv lq grphvwlf �qdqfldo pdunhwv rq h{fkdqjh udwh

ghwhuplqdwlrq dqg lqvxudqfh ghpdqg1

514 Suhihuhqfhv dqg Whfkqrorj|

Frqvlghu d wkuhh shulrg zruog lqgh{hg e| w @ 3> 4> 51 Wkhuh duh wzr vhwv ri djhqwv= grphvwlf

hqwuhsuhqhxuv2�upv dqg iruhljq lqyhvwruv1 Doo djhqwv duh ulvn qhxwudo dqg frpshwlwlyh1

Dvvxph wkdw wkhuh lv d xqlw phdvxuh ri hdfk w|sh ri djhqw1 Grphvwlfv eruurz iurp iruhljq

lqyhvwruv/ frqwudfw ghew uhsd|phqwv/ dqg lqyhvw lq surgxfwlrq dw gdwh 31 Wkhq dw gdwh 4/

wkhuh duh lglrv|qfudwlf dqg dq djjuhjdwh vkrfn wkdw ghwhuplqh wkh lqmhfwlrq ri ixqgv uhtxluhg

wr frqwlqxh surgxfwlrq1 Wkh djjuhjdwh vkrfn rqo| wdnhv rq wzr ydoxhv= zh vkdoo glvwlqjxlvk

ehwzhhq wkh kljk +djjuhjdwh, vwdwh dqg wkh orz vwdwh ghshqglqj rq wkh vl}h ri wkh vkrfn1

Ilqdoo| dw gdwh 5/ ghewv duh ixoo| uhsdlg dqg doo djhqwv frqvxph1
:Vhh dovr Doohq dqg Jdoh +5333, iru d vlplodu dujxphqw1 Lq wkhlu prgho/ edqnv rswlpdoo| lqyhvw lq iruhljq

erqgv dqg lvvxh grphvwlf erqgv1 Wkh| dujxh wkdw wkh ulvn ri lq dwlrq pd| glvvxdgh iruhljqhuv wr sxufkdvh

wkh grphvwlf erqgv1 Wkhvh h{sodqdwlrqv vhhp prvw frpshoolqj iru kljk lq dwlrq frxqwulhv +Odwlq Dphulfd,/

udwkhu wkdq/ iru h{dpsoh/ wkh Dvldq frxqwulhv zkhuh fkurqlf lq dwlrq zdv qrw d sureohp1
;Dw wlphv frqvwudlqwv rq grphvwlf fxuuhqf| eruurzlqj kdyh d srolf| ruljlq/ dv zdv wkh fdvh lq Fkloh zkhuh/

xqwlo uhfhqwo|/ h{whuqdo eruurzlqj lq grphvwlf fxuuhqf| zdv wd{hg pruh khdylo| wkdq groodu eruurzlqj1
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Surgxfwlrq1 Doo surgxfwlrq uhtxluhv lpsruwhg ru groodu jrrgv dqg surgxfhv grphvwlf ru

edkw jrrgv1 Dw gdwh 3 d �up eruurzv ef grooduv iurp d iruhljqhu/ h{fkdqjhv wklv iru lpsruwhg

udz pdwhuldov dqg fuhdwhv fdslwdo ri n dw d frvw ri f+n,1 Wkxv/

f+n, � ef

Wkh ixqfwlrq f+n, lv dvvxphg wr eh frqyh{ dqg lqfuhdvlqj lq rughu wr jhqhudwh dq lqwhulru

vroxwlrq1 Rqfh fuhdwhg/ wkh fdslwdo lv %edkw% � lw jhqhudwhv orfdo fxuuhqf| uhyhqxh/ dqg lwv

ydoxh dv froodwhudo zloo ydu| zlwk wkh h{fkdqjh udwh1 Zh irupdol}h wklv ehorz1<

Dw gdwh 5/ li doo wklqjv jr zhoo/ fdslwdo jhqhudwhv Un xqlwv ri edkw jrrgv1 Krzhyhu/ dw

gdwh 4 surgxfwlrq pd| eh lqwhuuxswhg e| dq lglrv|qfudwlf oltxlglw| vkrfn/ dqg wkh �up lv

uhtxluhg wr lpsruw dq dgglwlrqdo rqh xqlw ri iruhljq jrrgv shu xqlw ri fdslwdo lq rughu wr

uhdol}h rxwsxw ri Un edkw1 Li d �up fkrrvhv qrw wr/ wkhq lwv rxwsxw idoov wr u ? U � u .�

rq wkh fdslwdo wkdw lv qrw vdyhg1 Wkxv/ vxssrvh wkdw d �up fkrrvhv wr vdyh d iudfwlrq � � 4

ri lwv fdslwdo xqlwv/ wkhq gdwh 5 rxwsxw iru wklv �up lv/

+4� �,un . �Un>

dqg wklv �up pxvw lpsruw �n xqlwv ri jrrgv wr frpshqvdwh iru wkh vkrfn1

Zh dvvxph wkdw zkhq wkh djjuhjdwh vwdwh lv jrrg/ qr �up lv d�hfwhg e| d oltxlglw| vkrfn1

Zkhq wkh djjuhjdwh vwdwh lv edg/ rq wkh rwkhu kdqg/ kdoi ri wkh �upv qhhg wr uhlqyhvw1 Wkh

vkrfn lv frxqwu|0zlgh lq wkh vhqvh wkdw d srvlwlyh phdvxuh ri �upv duh d�hfwhg e| lw lq wkh

edg vwdwh/ zkloh lw lv lglrv|qfudwlf lq wkdw dq lqglylgxdo �up kdv d suredelolw| ri �
2 ri ehlqj

d�hfwhg e| lw lq wkh edg vwdwh143 Wkh suredelolw| ri wkh edg vwdwh lv �/ zkloh wkdw ri wkh

jrrg vwdwh lv 4� �144

Dw gdwh 5/ wkh grphvwlf hqwuhsuhqhxuv2�upv sd| r� doo ghewv lqfxuuhg dw gdwh 3 dqg

gdwh 4 iurp surgxfwlrq surfhhgv dqg frqvxph wkh h{fhvv1 Wkhlu suhihuhqfhv duh/

X_ @ f� . f( f�> f( � 3

<Rxu prgho lv hqwluho| uhdo/ khqfh dq| dooxvlrq wr wkh h{fkdqjh udwh uhihuv wr wkh uhdo h{fkdqjh udwh1
43Wkh idfw wkdw khwhurjhqhlw| ulvhv gxulqj edg vwdwhv lv qrw lpsruwdqw1 Zh qhhg khwhurjhqhlw| lq wkh edg

vwdwh iru grphvwlf �qdqfldo pdunhwv wr pdwwhu/ exw dgglqj khwhurjhqhlw| lq wkh jrrg djjuhjdwh vwdwh zrxog

qrw dgg dq| vxevwdqwlyh lqvljkw dqg zrxog frpsolfdwh wkh h{suhvvlrqv1
44Zh dovr qhhg wr pdnh dq dvvxpswlrq wkdw gdwh 3 lqyhvwphqw lq fdslwdo lv vx!flhqwo| sur�wdeoh1 Wkxv/

- dqg o duh kljk hqrxjk wkdw/

E�3 Z�- n Z
- n o

2
: S�E���

Wklv mxvw vd|v wkdw ghvslwh wkh srvvlelolw| ri wkh surgxfwlrq vkrfn dw gdwh 4/ lqyhvwphqw lv sur�wdeoh1 Ilqdoo|

wr jxdudqwhh dq lqwhulru vroxwlrq +l1h1 & 	 S3�E��, zh dvvxph wkdw/

E�3 Z�-n Z
-n o

2
	 E- 3 o�S�E���
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zkhuh f� lv frqvxpswlrq ri edkw jrrgv/ dqg f( lv frqvxpswlrq ri groodu jrrgv1

Iruhljqhuv pd| eh fdoohg rq dw gdwh 3 dqg gdwh 4 wr vxsso| grooduv wr grphvwlfv wr

�qdqfh surgxfwlrq1 Wkhlu suhihuhqfhv duh ryhu frqvxpswlrq ri grooduv +iruhljq jrrgv, dw doo

wkuhh gdwhv/

Xs @ f(f . f(� . f(2 =

Wkhvh suhihuhqfhv slq grzq wkh groodu ulvn iuhh lqwhuhvw udwh dw rqh +qrwlfh wkdw frqvxpswlrq

lv doorzhg wr jr qhjdwlyh,1

515 Lqwhuqdwlrqdo dqg Grphvwlf Ilqdqfldo Pdunhwv

Iruhljqhuv gr qrw frqvxph dq| ri wkh rxwsxw iurp grphvwlf fdslwdo1 Wklv lv wkh vhqvh

lq zklfk fdslwdo jhqhudwhv rqo| orfdo fxuuhqf| uhyhqxhv1 Jrrgv surgxfhg xvlqj grphvwlf

fdslwdo duh qrq0wudghg/ vr wkdw wkh ydoxh ri fdslwdo idoov dv wkh h{fkdqjh udwh ehwzhhq

wkhvh edkw jrrgv dqg grooduv ghsuhfldwhv1 Qrwh dovr wkdw ehfdxvh ri wklv/ iruhljqhuv fdqqrw

eh uhsdlg lq edkw jrrgv1 Zh vkdoo dvvxph wkdw grphvwlfv kdyh dq h{rjhqrxvo| vshfl�hg

hqgrzphqw ri iruhljq fxuuhqf| uhyhqxhv duulylqj dw gdwh 5 jlyhq e| z1 Wkxv/ zkloh iruhljqhuv

pd| eh zloolqj wr dffhsw edkw jrrgv dv uhsd|phqw rq ghewv/ wkh| zloo lpphgldwho| vzds wkhvh

lq h{fkdqjh iru wkh iruhljq fxuuhqf| hqgrzphqw1 Wkh h{fkdqjh udwh iru wklv wudqvdfwlrq lv

ghqrwhg dv h +edkw shu groodu,1 Krzhyhu/ iru h{srvlwlrqdo sxusrvhv lw lv hdvlhu wr surfhhg

e| dvvxplqj wkdw iruhljqhu ohqg rqo| djdlqvw wkh iruhljq fxuuhqf| uhyhqxh vwuhdp ri z/ vr

wkdw dq| vzdsslqj ri edkw iru grooduv lv rqo| lq wkh edfnjurxqg1

Dvvxpswlrq 4 +Iruhljq Ohqglqj,

Doo iruhljq ohqglqj wdnhv wkh irup ri ghew frqwudfwv wkdw duh ixoo| vhfxuhg e| wkh iruhljq

fxuuhqf| froodwhudo ri z1 Ohqglqj lv ghidxow iuhh/ vr wkdw wkh pd{lpxp uhsd|phqw rq ghew

lv z1

E| ghew zh phdq frqwudfwv wkdw duh qrw frqwlqjhqw rq sxuho| lglrv|qfudwlf shuirupdqfh1

Dv rqh pljkw lpdjlqh/  h{lelolw| lq vshfli|lqj ghew uhsd|phqwv frqwlqjhqw rq wkh w|sh ri

�up frxog surylgh juhdwhu lqvxudqfh1 Ri frxuvh/ lq sudfwlfh/ wkhvh vkrfnv duh lglrv|qfudwlf

dqg pd| eh kdug wr revhuyh vr wkdw frqwlqjhqw frqwudfwv duh qrw hqirufhdeoh1 Zh uhylvlw

wkh lvvxh ri plfurhfrqrplf frqwlqjhqflhv lq wkh dsshqgl{1

Dvvxpswlrq 5 +Qrq0revhuydelolw| ri Surgxfwlrq Vkrfn, Wkh lghqwlw| ri �upv uhfhlylqj

wkh gdwh 4 surgxfwlrq vkrfn lq wkh orz vwdwh lv sulydwh lqirupdwlrq ri wkh �up/ dqg lv qrw

revhuydeoh e| dq| ohqghu1

Ghew uhsd|phqwv duh/ krzhyhu/ dvvxphg wr eh pdgh frqwlqjhqw rq wkh +revhuydeoh,

djjuhjdwh vwdwh/ $1 Wr eh pruh suhflvh=

8



Gh�qlwlrq 4 Ohw $ 5 io> kj eh wkh vwdwh ri wkh zruog dw gdwh 41 D gdwh 3 groodu ghew frqwudfw

ehwzhhq d grphvwlf �up dqg d iruhljq lqyhvwru zloo vshfli| gdwh 5 uhsd|phqwv/ i// dqg gdwh

3 ixqglqj ri ef grooduv1 Vlqfh iruhljq lqyhvwruv duh ulvn qhxwudo/ frpshwlwlyh/ dqg wkh groodu

lqwhuhvw udwh lv rqh/

ef @ �i , . +4� �,i�

Dgglwlrqdoo|/ vlqfh doo ghew lv ixoo| vhfxuhg/

i/ � z

Dv zh dujxhg lq wkh lqwurgxfwlrq/ wkh txhvwlrq ri groodu oldelolwlhv ylv0d0ylv edkw oldelolwlhv

lv vlpso| d txhvwlrq ri krz kljk i , lv uhodwlyh wr i�1 Zh vkdoo vkruwo| suryh wkdw/ lq

htxloleulxp/ h, A h�1 Vlqfh wkh h�hfwlyh edkw uhsd|phqw iru wkh �up lv h/i// htxdo groodu

uhsd|phqwv lq kljk dqg orz vwdwhv zrxog kdyh wkh �up pdnlqj odujhu edkw uhsd|phqwv lq

wkh orz vwdwh1 Rq wkh rwkhu kdqg/ li oldelolwlhv zhuh edkw ghqrplqdwhg/ wkhq i , zrxog eh

orzhu iru wkh vdph i�1

Xqolnh iruhljqhuv/ grphvwlfv gr ydoxh edkw uhyhqxhv/ vr wkh| duh zloolqj wr ohqg wr hdfk

rwkhu djdlqvw grphvwlf fdslwdo1 Krzhyhu/ wkh grphvwlf �qdqfldo pdunhw lv xqghughyhorshg/

vr wkdw qrw doo ri wkh rxwsxw iurp fdslwdo lv sohgjhdeoh wr d grphvwlf ohqghu1 Rqo| un ri

wkh gdwh 5 jrrgv vhuyhv dv grphvwlf froodwhudo1 Lqvwhdg/ li wkh �qdqfldo pdunhw zdv ixoo|

ghyhorshg/ wkhq +4��,un.�Un zrxog eh grphvwlf froodwhudo1 Iru � A 3/ wkh odwwhu h{suhvvlrq

lv fohduo| odujhu1 Lq vhfwlrq 6/ zh vkdoo zrun wkurxjk wklv fdvh wr foduli| wkh prgho1

Dvvxpswlrq 6 +Grphvwlf Ohqglqj,

Grphvwlf �upv pd| ohqg wr hdfk rwkhu dw hlwkhu gdwh 3 ru gdwh 41 Doo grphvwlf ohqglqj

lv ixoo| vhfxuhg e| edkw uhyhqxhv1 Krzhyhu/ wkh grphvwlf fuhglw pdunhw lv xqghughyhorshg/

vr wkdw rqo| un ri wkh gdwh 5 edkw uhyhqxhv fdq eh xvhg wr vhfxuh �qdqflqj iurp dqrwkhu

grphvwlf1

Wkh olplwhg grphvwlf ohqglqj sduw ri wklv dvvxpswlrq lv wkh fhqwudo lqjuhglhqw iru rxu

xqghulqvxudqfh uhvxow/ iru lw lv uhvsrqvleoh iru wkh hphujhqfh ri d jds ehwzhhq vrfldo dqg

sulydwh ydoxdwlrq ri h{whuqdo lqvxudqfh1 Wklv zloo eh fohdu diwhu zh ghvfuleh lwv uroh lq

ghwhuplqlqj wkh htxloleulxp h{fkdqjh udwh gxulqj h{whuqdo fulvhv1

516 Ghflvlrqv dqg Htxloleulxp

Ohw xv vxssrvh wkdw d �up eruurzv ef ixqgv dw gdwh 3/ dqg fuhdwhv fdslwdo ri n1 Dw gdwh 4/

wkhuh duh wzr srvvleoh vwdwhv ri wkh zruog1 Lq wkh kljk vwdwh/ wkhuh duh qr vkrfnv/ dqg doo

�upv frqwlqxh wr surgxfh Un1 Qhw ri wkh uhsd|phqw ri i�/ wklv lpsolhv wkdw hqwuhsuhqhxuv

lq wkh kljk vwdwh frqvxph/

Y � @ Un .z � i�
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Lq wkh orz vwdwh/ �upv duh glylghg lqwr wzr jurxsv= wkrvh wkdw uhfhlyh wkh vkrfn duh

glvwuhvvhg/ zkloh wkrvh wkdw gr qrw duh lqwdfw1 Frqvlghu wkh sureohp iru d glvwuhvvhg �up lq

udlvlqj ixqgv wr doohyldwh lwv surgxfwlrq vkrfn1 D fkrlfh ri �n zloo uhvxow lq rxwsxw dw gdwh

5 ri +4��,un. �Un jrrgv1 Lq rughu wr vdyh d iudfwlrq � ri glvwuhvvhg fdslwdo/ wkh �up pxvw

udlvh �qdqfh dqg uhlqyhvw �n lpsruwhg jrrgv1 Lw fdq gr wklv lq wzr zd|v1 Iluvw/ wkh �up

fdq jr wr iruhljqhuv wr udlvh dgglwlrqdo ixqgv1 Wkdw lv wkh �up fdq dozd|v udlvh gluhfwo|/

e� � z� i ,=

Wkh odwwhu txdqwlw| zloo dozd|v eh srvlwlyh lq htxloleulxp/ dqg uhsuhvhqwv wkh plqlpxp wkdw

d �up fdq udlvh dw gdwh 4145 Wkh uhvw pxvw frph iurp lqwdfw �upv/ zklfk dovr kdyh dffhvv

wr iruhljq lqyhvwruv vlqfh wkhlu fdsdflw| wr eruurz deurdg dw gdwh 4 lv dovr z � i ,1

D glvwuhvvhg �up fdq xvh lwv edkw froodwhudo ri un wr eruurz grooduv iurp lqwdfw �upv1

Vlqfh wkh h{fkdqjh udwh lv h,/ wkh �up fdq eruurz d pd{lpxp dprxqw ri e(� � o&
e,

grooduv

iurp lqwdfw �upv1 Wkurxjk wklv �fuhglw fkdlq� �zklfk uhsuhvhqwv wkh grphvwlf �qdqfldo

pdunhwv lq rxu iudphzrun� wkh glvwuhvvhg �up lv deoh wr djjuhjdwh wkh uhvrxufhv ri wkh

hfrqrp| dqg sohgjh wklv wr iruhljqhuv wr udlvh ixqgv iru gdwh 4 uhlqyhvwphqw1 Zh fdq wkhq

zulwh wkh sureohp ri d glvwuhvvhg �up dv/

+S4, Y ,
r � pd{wcK�cK(�

z . +4� �,un . �Un � i , � e� � e(�

v=w= +l, e� � z� i ,

+ll,
K(�
e,

. e� � z � i , . o&
e,

+lll, �n @ e� .
o&
e,

+ly, � � 4=

Frqvwudlqwv +l, dqg +ll, duh edodqfh vkhhw frqvwudlqwv +qhw pdunhwdeoh dvvhwv juhdwhu wkdq

oldelolwlhv,/ zkloh frqvwudlqw +lll, uh hfwv wkdw qhz lqyhvwphqw pxvw eh ixoo| sdlg zlwk wkh

uhvrxufhv uhfhlyhg e| wkh �up dw gdwh 4 lq wdnlqj rq ghewv ri e� dqg e(� 1 Frqvwudlqw +ly, lv

sxuho| whfkqrorjlfdo1

Dq lqwdfw �up dw gdwh 4 kdv rqo| rqh ghflvlrq= krz pxfk �qdqfh zloo lw h{whqg wr wkh

glvwuhvvhg �up1 Vxssrvh wkdw wkh �up dffhswv fodlpv dw gdwh 4 ri {� +idfh ydoxh ri gdwh 5

edkw, lq uhwxuq iru pdnlqj d gdwh 4 frqwulexwlrq ri {�c_@h, grooduv/ wkhq/

+S5, Y ,
� � pd{%� z.Un . {� � %�

e,

v=w= %�
e,

� z � i ,

Wkh frqvwudlqw uh hfwv wkh idfw wkdw dq lqwdfw �up fdq/ dw pd{lpxp/ ohqg z� i , grooduv wr

wkh glvwuhvvhg �up1
45Vlqfh �upv duh h{0dqwh krprjhqhrxv � : s ,/ rwkhuzlvh wkhuh zrxog eh qr lqwhuqdwlrqdo oltxlglw| ohiw lq

wkh djjuhjdwh lq wkh orz vwdwh1 Exw vlqfh uhlqyhvwphqw pxvw eh vx!flhqwo| sur�wdeoh iru h{whuqdo fulvlv wr

eh lqwhuhvwlqj/ zh uxoh rxw vxfk fruqhu1

:



Gdwh 3 sureohp1 Dw gdwh 3/ d �up orrnlqj iruzdug wr gdwh 4 fdq h{shfw wr �qg lwvhoi dv

hlwkhu glvwuhvvhg ru lqwdfw/ dqg lq hlwkhu wkh orz ru wkh kljk vwdwh1 Wkxv wkh ghflvlrq dw gdwh

3 lv/
+S6, pd{&cKfcs/ +4� �,Y � . �+Y ,

r . Y ,
� ,@5

v=w= i�> i , � z

ef @ �i , . +4� �,i�

f+n, @ ef=

Htxloleulxp1 Dq htxloleulxp ri wklv hfrqrp| frqvlvwv ri gdwh 3 dqg gdwh 4 ghflvlrqv/

+n> ef> i
/, dqg +�> e/� > e

(
� > {

(
� ,/ uhvshfwlyho|/ dqg sulfhv h/1 Ghflvlrqv duh vroxwlrqv wr wkh

�upv* sureohpv +S4,/ +S5,/ dqg +S6, jlyhq sulfhv1 Dw wkhvh sulfhv/ wkh h{fkdqjh pdunhw

fohduv1

Wkh rqo| htxloleulxp sulfh lv wkh h{fkdqjh udwh1 Jlyhq wkh suhihuhqfhv ri grphvwlfv/ wkh

iroorzlqj pxvw krog wuxh1

Ohppd 4 Ohw f� dqg f( ghqrwh wkh htxloleulxp frqvxpswlrq ri dq| lqwdfw hqwuhsuhqhxu

lq wkh grphvwlf hfrqrp| dw gdwh 51 Wkhq/

� Li f�> f( A 3/ wkhq h @ 41

� Li f� A 3/ exw f( @ 3/ wkhq h � 41

Wkh rwkhu fdvhv ri f� @ 3 dqg f( � 3/ fdq qhyhu rffxu lq rxu prgho vlqfh surgxfwlrq

dozd|v jhqhudwhv dw ohdvw vrph edkw/ dqg wkh grphvwlfv pxvw frqvxph wklv edkw1

Wkh h{fkdqjh udwh lv 4/ dv orqj dv zh duh dw dq lqwhulru vroxwlrq zkhuh grphvwlfv duh

frqvxplqj erwk edkw dv zhoo dv groodu jrrgv1 Krzhyhu/ li wkh hfrqrp| uxqv rxw ri groodu

jrrgv/ wkhq wkh h{fkdqjh udwh pd| ghsuhfldwh ixuwkhu wr uh hfw wklv vfduflw|1 Vlqfh wklv lv

suhflvho| wkh fdvh zh vkdoo eh lqwhuhvwhg lq/ zh vkdoo frqvwuxfw dq htxloleulxp zkhuh wklv

kdsshqv dw gdwh 4 lq wkh orz vwdwh1 Wkh htxloleulxp h{fkdqjh udwh/ h, lv ghwhuplqhg lq wkh

grphvwlf �qdqfldo pdunhw/ zkhuh lqwdfw �upv ohqg grooduv wr glvwuhvvhg �upv djdlqvw edkw=46

4

5
e(� @

4

5
{(� = +4,

Ohw xv qrz vwxg| htxloleulxp lq o0vwdwh lq pruh ghwdlo1 Frqvlghu d glvwuhvvhg �up wkdw

idfhv wkh fkrlfh ri uhvwuxfwxulqj dq dgglwlrqdo xqlw ri fdslwdo dw gdwh 41 Ohw/

� @ U� u

46Pruh suhflvho|/ zkdw zh uhihu wr dv wkh h{fkdqjh udwh dw gdwh 4/ lv d gdwh 5 iruzdug h{fkdqjh udwh1

Wkh lqwhuqdwlrqdo lqwhuhvw udwh lv rqh dqg lqwhuhvw sdulw| pxvw krog1 Wkxv/ e�E� n ��� ' e2/ zkhuh �� lv

wkh grphvwlf lqwhuhvw udwh1 Wkh prgho kdv d iuhh sdudphwhu lq wkdw zh gr qrw/ qru qhhg wr/ slq grzq wkh

grphvwlf lqwhuhvw udwh1 Fkrrvlqj �� ' f/ doorzv xv wr fdoo wklv wkh gdwh 4 h{fkdqjh udwh dv zhoo1

;



eh wkh edkw uhwxuq wr vdylqj rqh xqlw ri fdslwdo1 Iluvw/ uhphpehu wkdw d �up ydoxhv rqh

edkw dqg rqh groodu htxdoo| iru frqvxpswlrq dw gdwh 5 +l1h1 X @ f( . f�,1 Dv d uhvxow/ li

� � 4/ wkhq wkh glvwuhvvhg �up zrxog fkrrvh wr eruurz dv pxfk dv lw fdq djdlqvw lwv iruhljq

fxuuhqf| uhyhqxhv dw wkh groodu lqwhuhvw udwh ri rqh/ dqg uhlqyhvw wkhvh ixqgv wr uhwxuq �

edkw jrrgv dw gdwh 41

e� @ z� i ,= +5,

Li wkh dprxqw udlvhg iurp lqwhuqdwlrqdo lqyhvwruv/ z � i ,/ lv ohvv wkdq wkh ixqgv qhhghg

iru uhvwuxfwxulqj/ n/ wkh �up zloo kdyh wr dffhvv wkh iruhljq h{fkdqjh pdunhw wr pdnh xs

wkh vkruwidoo1 Lw fdq vhoo xs wr un gdwh 5 edkw wr dqrwkhu grphvwlf dw wkh h{fkdqjh udwh ri

h,1 Lw zloo fkrrvh wr gr wklv dv orqj dv � � h,/ ru wkh edkw uhwxuq rq uhvwuxfwxulqj h{fhhgv

wkh h{fkdqjh udwh1 Wkh pd{lpxp dprxqw ri ixqgv udlvhg lv/

e(� � un

h,
> +6,

Dv orqj dv wkh vxp ri o&
e,
dqg wkh uljkw kdqg vlgh ri +5, lv pruh wkdq wkh eruurzlqj qhhg ri

n/ wkh �up lv xqfrqvwudlqhg lq lwv uhlqyhvwphqw dw gdwh 4 dqg doo surgxfwlrq xqlwv zloo eh

vdyhg1 Lq wklv fdvh/ wkh �up zloo eruurz ohvv wkdq o&
e,
+dqg shukdsv ohvv wkdq wkh lqwhuqdwlrqdo

ghew fdsdflw|,1

Lqwdfw �upv fdq whqghu dw prvw wkhlu h{fhvv lqwhuqdwlrqdo ghew fdsdflw| ri z � i , lq

uhwxuq iru sxufkdvlqj grphvwlf ghew1 Wkh| zloo fkrrvh wr gr wklv dv orqj dv wkh h{fkdqjh

udwh h{fhhgv rqh/ ru h, A 41

Dvvxph iru d prphqw wkdw � � h, � 4 vr wkdw glvwuhvvhg �upv eruurz dv pxfk dv wkh|

fdq/ dqg lqwdfw �upv ohqg dv pxfk dv wkh| fdq1 Wkhq/ lq wrwdo wkh hfrqrp| fdq lpsruw z�i ,

jrrgv/ zklfk lv gluhfwhg wr wkh glvwuhvvhg �upv1 D qhfhvvdu| frqglwlrq iru doo surgxfwlrq

xqlwv wr eh vdyhg lv wkdw/
n

5
� z� i ,= +7,

Li wklv frqvwudlqw lv ylrodwhg/ wkhq wkhuh vrph fdslwdo xqlwv duh qrw uhvwuxfwxuhg dw gdwh 4/

�
n

5
@ z � i , � � 4=

Zh vkdoo uhihu wr wklv frqvwudlqw dv wkh lqwhuqdwlrqdo oltxlglw| frqvwudlqw1 Zkhq qhlwkhu +6,

qru +7, elqgv/ doo surgxfwlrq xqlwv duh vdyhg1 Vlqfh lq htxloleulxp f( A 3/ lw pxvw eh wkdw

wkh h{fkdqjh udwh lv rqh1

Wkh rwkhu h{wuhph fdvh lv zkhq erwk +6, dqg +7, elqg1 Htxloleulxp lq wkh h{fkdqjh

pdunhw uhtxluhv wkdw/
un

h,
@ z � i ,=

Vlqfh +6, elqgv/ glvwuhvvhg �upv vhoo doo ri wkhlu edkw uhyhqxhv wr lqwdfw �upv1 Dv +7, elqgv/

lqwdfw �upv sxufkdvh wklv e| eruurzlqj dv pdq| grooduv dv wkh| fdq dqg sd|lqj wklv wr

<



glvwuhvvhg �upv1 Vroylqj iru h,/ |lhogv

h, @
un

z � i ,
A 4= +8,

Lq wklv fdvh/ wkh h{fkdqjh udwh lv ghsuhfldwhg vlqfh wkhuh lv d vfduflw| ri groodu dvvhwv uhodwlyh

wr edkw dvvhwv1

Qrz/ ghshqglqj rq sdudphwhuv/ wkhuh duh irxu uhjlrqv wkdw pd| rffxu dw gdwh 4 lq vwdwh

o � glvwlqjxlvkhg e| wkh irxu frpelqdwlrqv ri elqglqj frqvwudlqwv/ +7, dqg +6,1 Wkhvh uhjlrqv

duh vxppdul}hg lq wkh dsshqgl{1 Lq wkh wh{w zh irfxv rq wkh fdvhv zkhuh wkh lqwhuqdwlrqdo

�qdqfldo frqvwudlqw +7, elqgv/ dqg vwxg| fdvhv lq zklfk wkh grphvwlf frqvwudlqw +6, pd| ru

pd| qrw elqg1 Li +7, elqgv/ wkh h{fkdqjh udwh lq wkh o vwdwh lv ghsuhfldwhg1

Ohppd 5 +H{fkdqjh Udwhv, Li +7, elqgv/ wkhq f( ri dq lqwdfw �up dw gdwh 5 lv }hur1 Iurp

Ohppd 4/ zh fdq frqfoxgh wkdw h, � 41 Li +7, grhv qrw elqg/ f( ri dq lqwdfw �up lv juhdwhu

wkdq }hur/ dqg h, @ 41 Lq wkh kljk vwdwh/ vlqfh wkhuh duh qr oltxlglw| vkrfnv/ h� @ 41

Zlwk mxvw wklv frqvwudlqw/ �upv zloo dqwlflsdwh wkdw wdnlqj rq groodu ghew lpsolhv kljkhu

edkw sd|phqwv lq wkh o vwdwh1 Vlqfh wklv lv suhflvho| wkh vwdwh zkhuh wkh| zloo qhhg uhvrxufhv

wr �qdqfh wkh surgxfwlrq vkrfn/ wkh| zloo vk| dzd| iurp frqwudfwlqj wr pdnh kljk sd|phqwv

lq wklv vwdwh1 Zh zloo vkrz wkdw lq wklv fdvh/ �upv dssursuldwho| ydoxh wkh lqvxudqfh r�huhg

e| frqwudfwlqj grphvwlf fxuuhqf| ghew1 Wklv fkdqjhv zkhq +6, elqgv/ dqg grphvwlf �upv

duh fuhglw frqvwudlqhg1 Zh vkdoo vkrz lq wklv fdvh wkdw wkhuh lv dq h{whuqdolw| zkhuhe| �upv

xqghuydoxh lqvxudqfh djdlqvw wkh orz vwdwh1

517 Fxuuhqf| Ghqrplqdwlrq dv dq Djjuhjdwh Frqwlqjhqf|

Ohw xv sdxvh dw wklv mxqfwxuh dqg frqwudvw groodu ghew dqg edkw ghew zlwklq rxu iudphzrun1

Dq xqfrqwlqjhqw groodu ghew frqwudfw zloo vshfli| uhsd|phqwv ri i� @ i , � i_J,,@o1 Wkhuhiruh

vlqfh wkh groodu lqwhuhvw lv rqh/

efc_J,,@o @ �i_J,,@o . +4� �,i_J,,@o @ i_J,,@o=

Qh{w frqvlghu dq xqfrqwlqjhqw edkw ghew frqwudfw zlwk uhsd|phqwv jlyhq dv i� @ i , �
iK@�|1 Wkh groodu htxlydohqw uhsd|phqwv duh iK@�| lq wkh kljk vwdwh/ dqg sK@�|

e,
lq wkh orz

vwdwh/ zkhuh h, A 41 Wkxv/ wkh dprxqw ri groodu htxlydohqw wkdw wkh �up lv deoh wr eruurz

dw gdwh 3 lv/

efcK@�| @ �
iK@�|
h,

. +4� �,iK@�| @ iK@�| � �+h, � 4,
iK@�|
h,

=

Ohw xv qrupdol}h e| fkrrvlqj/ i_J,,@o @ iK@�| @ i 1 Wkhq lw lv hdv| wr vhh wkdw/

efcK@�| @ efc_J,,@o � �+h, � 4,
i

h,
>
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ru wkdw/ iru d �{hg idfh ydoxh ri ghew/ wkh �up lv deoh wr eruurz ohvv grooduv e| lvvxlqj edkw

ghew wkdq groodu ghew1

Wkh uhdvrq ehklqg wklv lv wkdw wkh �up wdnhv h{fkdqjh udwh ulvn lq lwv ghew lvvxh1 Ylv0d0

ylv edkw ghew/ zkhq wkh �up eruurzv lq grooduv lw vlpxowdqhrxvo| vhoov d sxw rswlrq vwuxfn dw

rqh rq i edkw1 Htxlydohqwo| wkh �up lv deoh wr rewdlq d orzhu lqwhuhvw udwh rq lwv ghew zkhq

lw wdnhv rq groodu ghew wkdq edkw ghew/ exw lq uhwxuq wdnhv rq wkh ulvn wkdw wkh h{fkdqjh

udwh pd| ghsuhfldwh dw gdwh 41

Zlwk wkhvh suholplqdulhv ehklqg/ zh fdq wxuq wr rxu pdlq vxevwdqwlyh uhvxowv1

6 Xqghulqvxudqfh= H{fhvvlyh groodu Oldelolwlhv

614 Frpshwlwlyh Htxloleulxp yhuvxv Sodqqhu*v Fkrlfh

Gh�qlwlrq 5 Li i� dqg i , duh ghew uhsd|phqw fkrlfhv +lq xqlwv ri grooduv, lq d frpshwlwlyh

ghfhqwudol}hg htxloleulxp/ dqg I� dqg I , duh ghew uhsd|phqw fkrlfhv ri d fhqwudo sodqqhu/

wkhq zh vkdoo vd| wkdw wkh hfrqrp| kdv h{fhvvlyh groodu oldelolwlhv li/

i�
i,

?
I�
I,

=

Wkh orjlf ehklqg wklv gh�qlwlrq vwhpv iurp wkh suhylrxv vhfwlrq1 Zkhq qrupdol}hg

vr wkdw doo uhsd|phqwv duh lq groodu whupv/ wkh rqo| gl�huhqfh ehwzhhq groodu dqg edkw

frqwudfwhg ghew uhsd|phqw lv lq wkh vl}h ri wkh uhsd|phqw lq wkh o vwdwh yhuvxv wkh k vwdwh1

Wdnlqj rq groodu ghew phdqv/ shu xqlw ri ghew/ kljkhu uhsd|phqwv lq wkh o vwdwh147

Ohw xv qrz zulwh grzq wkh gdwh 3 ghfhqwudol}hg sureohp lq dq hqylurqphqw zkhuh erwk

+6, dqg +7, elqg1 Iluvw ohw xv uhzulwh +S6,/ vxevwlwxwlqj lq wkh ydoxh ixqfwlrq iurp +S4, dqg

+S5,1 D gdwh 3 fkrlfh ri +n> i�> i ,, uhvxow lq gdwh 5 uhvrxufhv +qhw ri dq| frqwudfwhg ghew,

lq wkh kljk vwdwh ri/

Un .z � i�=

Rq wkh rwkhu kdqg lq wkh orz vwdwh/ li wkh �up lv glvwuhvvhg/ lw kdv gdwh 5 uhvrxufhv ri/

+z � i ,,�.
un

h,
�

Wklv lv ehfdxvh +z � i ,, lv gluhfo| sohgjhg wr iruhljqhuv/ dqg wkh surfhhgv lqyhvwhg dw wkh

surmhfw uhwxuq ri �1 Wkh un ri grphvwlf froodwhudo lv vrog dw wkh h{fkdqjh udwh ri h,/ dqg
47Zh doorz �upv wr wdnh rq frqwlqjhqw groodu ghew frqwudfwv dqg kdyh wkhp fkrrvh wkh sdwwhuq ri sd|phqwv

Es�c s ,�1 Wr pds wklv gluhfwo| lqwr wkh odqjxdjh ri xqfrqwlqjhqw edkw dqg groodu ghew frqwudfwv/ qrwh wkdw

wkhuh duh wzr vwdwhv ri wkh zruog dqg wkdw wkhvh wzr +xqfrqwlqjhqw, oldelolwlhv duh olqhduo| lqghshqghqw1 Wkxv

vsdqqlqj uhvxowv dsso|1 Wkh sdwwhuq ri uhsd|phqwv ri Es�c s ,� fdq eh lpsohphqwhg e| wdnlqj rq vrph edkw

ghew dqg vrph groodu ghew1 Zh vd| wkhuh lv h{fhvvlyh groodu ghew zkhq d fhqwudo sodqqhu zrxog fkrrvh d

orzhu iudfwlrq ri groodu ghew wkdq sulydwh djhqwv1
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wkh surfhhgv lqyhvwhg dw �1 Li wkh �up lv lqwdfw/ gdwh 5 uhvrxufhv duh/

+z � i ,,h, .Un=

Wkxv wkh gdwh 3 surjudp lv/

+S7, pd{&cs�cs , +4� �,+Un .z� i�, . � �
2

�
+U. u{

e,
,n . +�. h,,+z � i ,,

�
v=w= i�> i , � z

f+n, @ �i , . +4� �,i�

Frqvlghu qh{w wkh fkrlfhv ri d fhqwudo sodqqhu zkr pd{lpl}hv dq htxdoo| zhljkwhg vxp

ri wkh xwlolwlhv ri wkh grphvwlf djhqwv/ vxemhfw wr wkh grphvwlf dqg lqwhuqdwlrqdo eruurzlqj

frqvwudlqwv1 Vxssrvh wkh fhqwudo sodqqhu pdnhv d gdwh 3 fkrlfh ri +N>Ef> I�> I ,,/ zkhuh

fdslwdo ohwwhuv ghqrwh wkh fhqwudo sodqqhu*v djjuhjdwh txdqwlwlhv1 Wkhq/ dw gdwh 4/ lq wkh

kljk vwdwh/ doo �upv zloo hqg xs zlwk uhvrxufhv ri/

Y � @ UN .Z � I�=

Lq wkh o vwdwh/ d glvwuhvvhg �up uhfhlyhv/

+Z � I ,,�.
uN

h,
�

Exw vlqfh zh duh lqwhuhvwhg lq dq h{suhvvlrq wkdw lv iuhh ri sulfhv/ vlpso| vxevwlwxwh wkh

pdunhw fohdulqj frqglwlrq/

h, @
uN

Z � I ,

lqwr wkh deryh1 Wkhq/

Y ,
r @ 5+Z � I ,,�

Vlploduo|/ dq lqwdfw �up uhfhlyhv/

+Z � I ,,h, .UN=

Dqg vxevwlwxwlqj lq wkh pdunhw fohdulqj frqglwlrq/

Y ,
� @ +u .U,N

Wkhuhiruh wkh frqvwudlqhg h!flhqw ghew fkrlfhv lq wklv hfrqrp| duh/48

+S8, pd{gc8�c8 , +4� �,+UN .Z � I�, . � �
2

�
+U. u,N . 5�+Z � I ,,

�
v=w= I�> I , � Z

f+N, @ �I , . +4� �,I�

48Wklv h{suhvvlrq fdq eh duulyhg dw gluhfwo| e| qrwlqj wkdw li +7, elqgv/ wkhq doo wkh gdwh 4 grooduv ri

wkh hfrqrp| pxvw jr wrzdug vdylqj fdslwdo xqlwv1 Vlqfh wkhuh duh ` 3 8 , grooduv wkdw wkh hfrqrp| kdv lq

djjuhjdwh/ dqg hdfk jhqhudwhv d uhwxuq ri {/ zh kdyh wkh odwwhu kdoi ri wklv h{suhvvlrq1 Jlyhq d vkrfn wkdw

uhgxfhv rxwsxw wr og iru rqh0kdoi wkh �upv/ zh kdyh wkh iruphu sduw ri wkh h{suhvvlrq1
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Wkh remhfwlyh lq +S8, uhsuhvhqwv wkh frqvwudlqhg h!flhqw vroxwlrq dv rssrvhg wr wkh �uvw

ehvw vroxwlrq1 Rxu fhqwudo sodqqhu lv vwloo vxemhfw wr wkh lqwhuqdwlrqdo ghew frqvwudlqw � l1h1

wkh hfrqrp| udlvhv �I , . +4� �,I � zklfk lv olplwhg e| Z 1

Ohppd 6 Lq erwk +S7, dqg +S8,/ I� @ i� @Z 1

Surri= vhh dsshqgl{1

Wkh uhvxow lv idluo| reylrxv1 Lq wkh k vwdwh/ vlqfh wkhuh lv qr fkdqfh ri d oltxlglw| vkrfn/

wkhuh lv qr uhdvrq wr ohdyh dq vodfn lq wkh ghew uhsd|phqw1 Rswlpdolw| uhtxluhv �upv wr

eruurz dv pxfk dv srvvleoh djdlqvw Z lq wklv vwdwh dqg xvh wkh surfhhgv wr lqfuhdvh N dw

gdwh 31

Ohppd 7 Li � A h,/ wkhq I , ? i ,/ ru ghew uhsd|phqwv duh vhw wrr kljk lq wkh o vwdwh lq

wkh ghfhqwudol}hg htxloleulxp1

Surri= vhh dsshqgl{1

Wkh hdvlhvw zd| wr xqghuvwdqg wklv uhvxow lv wr frqwudvw wkh whupv lq wkh remhfwlyhv

fruuhvsrqglqj wr wkh o vwdwh lq erwk +S7, dqg +S8,1 Vxssrvh wkdw i , dqg I , zhuh htxdo1

Qrz/ lpdjlqh dq h{shulphqw ri lqfuhdvlqj i , dqg I , e| '41 Lq erwk fdvhv wklv zloo doorz

iru pruh eruurzlqj dw gdwh 3/ dqg zloo udlvh dq dgglwlrqdo � grooduv1 Wklv lq wxuq fdq eh

xvhg wr lqfuhdvh fdslwdo lqyhvwphqw e| Z
S�E&� 1 Wkhuhiruh wkh ehqh�w wr eruurzlqj d groodu dqg

lqyhvwlqj lw lv wr lqfuhdvh fdslwdo e| wkh vdph dprxqw lq erwk fhqwudol}hg dqg ghfhqwudol}hg

fdvhv1 Qrz frqvlghu wkh frvw1 Lq erwk fdvhv/ wkhuh lv rqh groodu ohvv ri ixqgv iru vdylqj

glvwuhvvhg fdslwdo xqlwv lq wkh o vwdwh dw gdwh 4 � l1h1 +z� i ,, idoov e| rqh groodu1 Wkh �upv

lq +S7, wdnh wklv frvw wr eh/
4

5
+�. h,,

zkloh wkh fhqwudo sodqqhu uhfrjql}hv wkdw wklv frvw wuxo| lv/

4

5
5� @ �=

Wkh fhqwudo sodqqhu*v frvw ri wdnlqj rq wkh h{wud groodu ri ghew h{fhhgv wkh �up*v shufhlyhg

frvw e|/
�� h,

5
=

Dv orqj dv � A h, lw pxvw eh wkdw �upv vhw i , A I ,1

Gh�qlwlrq 6 Gh�qh wkh lqgh{ ri grphvwlf xqghughyhorsphqw dv wkh gl�huhqfh eh0

wzhhq wkh pdujlqdo sur�w ri vdylqj d glvwuhvvhg surgxfwlrq xqlw dqg wkh h{fkdqjh udwh ri

h,1

v_ @ �� h,>
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Wkhq qrwh wkh iroorzlqj=

Ohppd 8 +Grphvwlf Xqghughyhorsphqw, Vxssrvh wkdw +7, elqgv lq wkh o vwdwh vr wkdw h, A

h� @ 41 Li +6, dovr elqgv/ wkhq lw pxvw eh wkdw v_ A 31 Dowhuqdwlyho|/ li +6, grhv qrw elqg/

wkhq lw pxvw eh wkdw v_ @ 31

Wkh uhdvrq zh uhihu wr v_ dv wkh lqgh{ ri grphvwlf xqghughyhorsphqw lv wkdw lw lv rqo|

juhdwhu wkdq }hur zkhq wkh fuhglw frqvwudlqw ehwzhhq grphvwlf �upv elqgv +l1h +6,,1 Dq

hqylurqphqw lq zklfk wkhuh duh qr grphvwlf fuhglw frqvwudlqw lv dqdorjrxv wr rqh lq zklfk

v_ @ 31

Surri= Frqvlghu wkh IRF iru wkh h{fkdqjh wudqvdfwlrq e| d glvwuhvvhg �up1 Li � A h,/

wkh �up �qgv lw sur�wdeoh wr eruurz dv pxfk dv srvvleoh djdlqvw lwv edkw uhyhqxhv ri un1

Dvvxplqj pd{lpxp eruurzlqj/ h, @ o&
�3s ,

1 Qrz wkhuh duh wzr fdvhv1 Li � A o&
�3s ,

/ wklv lv

dq htxloleulxp dqg erwk +6, elqgv dqg vlqfh � � h, A 3 zh kdyh wkdw v_ A 31 Wkh rwkhu

fdvh lv zkhq/ dw pd{lpxp eruurzlqj/ � � o&
�3s ,

1 Khuh/ d �up zloo qrw �qg lw sur�wdeoh

wr eruurz dv pxfk dv srvvleoh djdlqvw un vlqfh wkh uhwxuq iurp vdylqj d glvwuhvvhg xqlw ri

fdslwdo lv ohvv wkdq ru htxdo wr wkh h{fkdqjh udwh1 Dv d uhvxow/ e(� ? o&
e,
/ dqg +6, grhv qrw

elqg1 Dgglwlrqdoo|/ vlqfh �� h, @ 3/ zh kdyh wkdw v_ @ 31

Sursrvlwlrq 9 Ilupv lq dq hfrqrp| lq zklfk v_ A 3/ khqfh +6, dqg +7, duh elqglqj/

frqwudfw h{fhvvlyh groodu oldelolwlhv1

615 Wkh H{whuqdolw|

Zkhq d grphvwlf �up pdnhv lwv �qdqflqj dqg surgxfwlrq fkrlfhv/ lw orrnv qrw rqo| dw wkh

uhyhqxh jhqhudwh e| fdslwdo lqyhvwphqw exw dovr dw wkh oltxlglw| vhuylfhv wkdw wklv fdslwdo

surylghv dw gdwh 41 Wkdw lv/ wkh fuhdwlrq ri d oltxlg dvvhw lv dq lpsruwdqw dvshfw ri uhdo

lqyhvwphqw ghflvlrqv zkhq d vxgghq qhhg iru iuhvk uhvrxufhv pd| dulvh ehiruh surmhfwv duh

frpsohwhg1 Iurp wkh djjuhjdwh srlqw ri ylhz ri wkh fhqwudo sodqqhu/ rqo| lqwhuqdwlrqdoo|

oltxlg dvvhwv kdyh vxfk ydoxh/ vlqfh gdwh 4 surgxfwlrq qhhgv pd| eh vdwlv�hg rqo| zlwk

grooduv1

Frpsdulqj +S7, dqg +S8, dw i , @ I , uhyhdov wkdw/ uhodwlyh wr wkh fhqwudo sodqqhu/

lqglylgxdo djhqwv dgg d whup wr wkhlu remhfwlyh ixqfwlrq zklfk lv gluhfwo| uhodwhg wr wkh

plfurhfrqrplf oltxlglw| vhuylfh ri grphvwlf dqg lqwhuqdwlrqdo dvvhwv=

�
4

5

��
�� h,

� un

h,
�

�
�� h,

�
+z � i ,,

�
= +9,

Zkhq wkh hfrqrp| lv lq wkh o vwdwh/ d �up pd| eh glvwuhvvhg ru lqwdfw zlwk htxdo suredelolw|1

Li glvwuhvvhg/ dw wkh pdujlq lw xvhv lwv grphvwlf dvvhw +l1h1 un, dv froodwhudo1 Li qrw/ lw vhoov
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lwv lqwhuqdwlrqdo oltxlglw| wr glvwuhvvhg �upv1 Lq rughu iru wkh plfurhfrqrplf sureohp wr

frlqflgh zlwk wkdw ri wkh fhqwudo sodqqhu/ wkhuh pxvw eh qr uhqw lq wkh iruphu dfwlylw|/ zkloh

wkh odwwhu pxvw |lhog wkh ixoo pdujlqdo surgxfw ri uhlqyhvwphqw1 Lw lv dssduhqw wkdw zkhq

v_ A 3 qhlwkhu frqglwlrq krogv> wkh froodwhudo ydoxh ri grphvwlf dvvhwv lv ryhuydoxhg zkloh

wkh uhwxuq rq vxsso|lqj ydoxdeoh lqwhuqdwlrqdo oltxlglw| lv ghsuhvvhg1

Erwk sureohpv kdyh wkh vdph urrw1 Zkhq grphvwlf �qdqfldo pdunhwv duh xqghugh0

yhorshg/ glvwuhvvhg �upv fdq rqo| sohgjh d iudfwlrq ri wkhlu pdujlqdo surgxfw ri gdwh 4

lqyhvwphqw ri �1 Wkh frqvwudlqhg qdwxuh ri wkhlu ghpdqg iru lqwhuqdwlrqdo oltxlglw| lv jrrg

qhzv iru d glvwuhvvhg �up lq qhhg iru vxfk oltxlglw| dqg lq srvvhvvlrq ri sohgjhdeoh grphvwlf

dvvhwv/ ehfdxvh lw idfhv ohvv frpshwlwlrq iru lqwhuqdwlrqdo oltxlglw|/ dqg lv wkhuhe| deoh wr

uhwdlq d iudfwlrq ri wkh vxusoxv iurp iuhvk lqyhvwphqw1 Lw lv edg qhzv iru dq lqwdfw �up

dwwhpswlqj wr sur�w iurp lwv lqwhuqdwlrqdo oltxlglw|/ ehfdxvh wklv �up uhfhlyhv ohvv wkdq wkh

vrfldo vxusoxv gxh wr lqyhvwphqw1 Erwk pdujlqv duh glvwruwhg h{dfwo| e| wkh grphvwlf fuhglw

vsuhdg ri v_=49

7 D Forvhu Orrn dw wkh Frqqhfwlrq ehwzhhq Ilqdqfldo Xq0

ghughyhorsphqw dqg Xqghulqvxudqfh

Zh kdyh dujxhg wkdw h{fhvvlyh groodul}dwlrq ri oldelolwlhv vwhpv iurp grphvwlf �qdqfldo

pdunhw xqghughyhorsphqw1 Zkhq wkhuh duh fuhglw frqvwudlqwv d�hfwlqj eruurzlqj2ohqglqj

ehwzhhq grphvwlf djhqwv/ djhqwv zloo v|vwhpdwlfdoo| xqghuydoxh wkh lqvxudqfh wkdw wdnlqj

rq grphvwlf fxuuhqf| oldelolwlhv d�rugv1 Wklv vhfwlrq ghyhorsv wklv dujxphqw ixuwkhu lq wzr

vwhsv1 Iluvw/ zh uhod{ wkh fuhglw frqvwudlqwv ri d ihz grphvwlf djhqwv lq rughu wr vhsdudwh wkh

h�hfw ri glvwruwhg dvvhw sulfhv iurp wkh gluhfw h�hfw ri fuhglw frqvwudlqwv rq djhqwv* fkrlfhv1

Vhfrqg/ zh vkrz wkdw zkhq grphvwlf �qdqfldo frqvwudlqwv ydqlvk iru doo grphvwlfv wkh vhfrqg

ehvw lv dwwdlqhg/ ghvslwh wkh idfw wkdw wkh djjuhjdwh vkrfnv kdyh d uhdo dqg qhjdwlyh h�hfw

rq wkh hfrqrp|1 Zh frqfoxgh wkdw lw lv grphvwlf �qdqfldo frqvwudlqwv/ udwkhu wkdq qhjdwlyh

vkrfnv/ zklfk duh ehklqg rxu xqghulqvxudqfh uhvxowv1

49Iru wkh glvwruwlrq lq wkh uhodwlyh ydoxdwlrq ri wkh oltxlglw| vhuylfh ri erwk dvvhwv wr dulvh/ lw pxvw eh wkh

fdvh wkdw o : f1 Rwkhuzlvh/ wkh lqlwldo fdslwdo lqyhvwphqw lq & grhv qrw |lhog dq| grphvwlf froodwhudo wkdw

jlyhv oltxlglw| vhuylfh/ dqg doo oltxlglw| surylvlrq fdq rqo| eh grqh yld fkdqjhv lq �qdqflqj ghflvlrqv1 Wkxv/

wr eh suhflvh/ wkh suhvhqfh ri grphvwlf �qdqfldo frqvwudlqwv lv qrw d vx!flhqw frqglwlrq iru wkh h{whuqdolw| wr

dulvh1 Rq wkh rwkhu kdqg/ wkh fdvh zkhuh o ' f lv qrq0jhqhulf lq wkh vhqvh wkdw zh xvxdoo| wklqn wkdw fdslwdo

lqyhvwphqw fuhdwhv d oltxlg dvvhw dv d e|surgxfw1 Qhyhuwkhohvv/ li o ' f exw wkhuh lv d grphvwlf �qdqfldo

frqvwudlqw dulvlqj iurp wkh olplwhg sohgjhdelolw| ri gdwh 4 uhlqyhvwphqw/ wkhuh zrxog eh qr h{whuqdolw|1

Zkloh vxfk d iulfwlrq zrxog d�hfw wkh ohyhudjh frh!flhqw ri dq| grzqsd|phqw dydlodeoh dw gdwh 4/ dqg

glvwruw wkh uhodwlyh ydoxdwlrqv ri lqwhuqdwlrqdo dqg grphvwlf oltxlglw| dw gdwh 4/ wklv glvwruwlrq zrxog kdyh

qr frqvhtxhqfh dv wkhuh lv qr dfwlrq e| d grphvwlf wkdw zrxog d�hfw wkh dprxqw ri grphvwlf oltxlglw| dw

gdwh 4 dqg wkhuhiruh eh dowhuhg e| wkh glvwruwlrq1
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714 Frqvwudlqhg dqg Xqfrqvwudlqhg Ilupv

Vxssrvh wkdw d iudfwlrq/ �/ ri wkh grphvwlf �upv idfh qr grphvwlf fuhglw frqvwudlqwv1 Wkxv

iru wkhvh �upv wkh gdwh 4 ghew frqvwudlqw lv/

e(� � +4� �,u . �U

h,
n= +:,

Iru � A 3/ lw lv fohdu wkdw/
+4� �,u . �U

h,
n A

un

h,

ru wkdw wkhvh �upv duh ohvv fuhglw frqvwudlqhg wkdq wkrvh ri +6,1

Ohppd : +:, zloo qhyhu elqg iru xqfrqvwudlqhg �upv1

Surri= Vxssrvh wkdw wkhvh �upv fkrvh wr vdyh � xqlwv ri fdslwdo e| lvvxlqj ghew wkdw

jduqhuv �n grooduv1 Wkhq wkh pd{lpxp dprxqw ri grooduv wkh| fdq udlvh lv/

+4� �,u . �U

h,
n A �

U

h,
n

Vlqfh/

U @ u .� A � � h,

zh fdq frqfoxgh wkdw/
+4� �,u . �U

h,
n A �n=

Wkxv jlyhq dq| � wkhvh �upv zloo dozd|v eh deoh wr rewdlq ixqgv uhtxluhg wr uhvwuxfwxuh doo

ri wkhlu fdslwdo xqlwv1

Qh{w frqvlghu wkh gdwh 3 surjudp iru wkhvh �upv1 Dv ehiruh lq wkh k vwdwh/ Y � @

Un .z � i�1 Lq wkh o vwdwh/ li wkh �up lv lqwdfw lw uhfhlyhv/

Y ,
� @ Un . +z � i ,,h,

zkloh li glvwuhvvhg/

Y ,
r @ un . +�� h,,n . +z� i ,,h, @ Un � h,n . +z� i ,,h,

Wklv lv ehfdxvh wkh �up lv dozd|v deoh wr vdyh doo ri lwv fdslwdo xqlwv e| eruurzlqj n grooduv

dw wkh h{fkdqjh udwh ri h,/ dqg jhqhudwlqj � edkw dw gdwh 51 Frpelqlqj/

+S9, pd{&cs�cs , +4� �,+Un .z � i�, . �
�
+U� e,

2 ,n . h,+z � i ,,
�

v=w= i�> i , � z

f+n, @ �i , . +4� �,i�
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Ohppd ; Ohw ai/ uhsuhvhqw rswlpdo fkrlfhv lq +S9,1 Wkhq/ iru � A h, A u/

ai�

ai ,
?

i�

i ,
=

Surri= vhh dsshqgl{1

Wkxv xqfrqvwudlqhg �upv duh pruh zloolqj wr wdnh rq groodu ghew wkdq frqvwudlqhg �upv1

Wkh uhdvrq iru wklv lv wkdw/ rq wkh pdujlq/ �upv wkdw �qg edodqfh vkhhw plvpdwfkhv pruh

frvwo| duh wkh rqhv wkdw suhihu wr wdnh rq edkw ghew1 Krzhyhu/ xqfrqvwudlqhg �upv duh

suhflvho| wkh rqhv wkdw fdq d�rug edodqfh vkhhw plvpdwfkhv1 Dv d uhvxow/ wkh| xqghuydoxh

wkh lqvxudqfh dvshfw ri edkw ghew hyhq pruh vwurqjo|/ dv wkh| vwloo idfh wkh glvwruwhg dvvhw

sulfhv eurxjkw derxw e| wkh frqvwudlqhg qdwxuh ri oltxlglw| ghpdqg14:c4;

Ohw xv qrz orrn dw wkh olplw/ zkhq � @ 4/ vr wkdw qr grphvwlf �up lv +grphvwlfdoo|,

fuhglw frqvwudlqhg1 Lq wklv fdvh/ grphvwlf �upv iroorz vrfldoo| rswlpdo ghew fkrlfhv1

Ohppd < Li � @ 4 dqg +7, elqgv/ wkhq h, @ � dqg h� @ 41

Surri= Frqvlghu lqyhvwphqw ghpdqg dw gdwh 4 e| d glvwuhvvhg �up1 Vxssrvh lq frqwud0

glfwlrq wkdw � A h,1 Wkhq wkh glvwuhvvhg �up zloo fkrrvh wr eruurz dv pxfk dv lw fdq dqg

vdyh surgxfwlrq xqlwv1 Qrz iurp Ohppd : zh qrwh wkdw +:, fdq qhyhu elqg/ ru wkdw wkh

grphvwlf �up lv qhyhu fuhglw frqvwudlqhg1 Wklv lpsolhv wkdw glvwuhvvhg �upv zloo lvvxh ghew

dqg vdyh doo ri wkhlu fdslwdo xqlwv +� @ 4,1 Wkxv/

e(� @
n

5
4:Wkh uhvwulfwlrq wkdw o 	 e, lv idluo| zhdn lq wkh vhqvh wkdw lw lv vx!flhqw exw qrw qhfhvvdu|/ dqg wkhuh lv

d zlgh udqjh ri sdudphwhuv iru zklfk wkh uhvxow krogv1
4;Zkhq wkhuh lv khwhurjhqhlw| dprqj grphvwlfv/ wkh idfw wkdw wkh xqfrqvwudlqhg �upv wdnh rq h{fhvvlyh

groodu oldelolwlhv fdq eh sduwldoo| vroyhg yld sulydwh frqwudfwv1 Lpdjlqh wkh iroorzlqj lqvxudqfh frqwudfw dw gdwh

3= frqvwudlqhg �upv uhfhlyh grooduv iurp xqfrqvwudlqhg �upv lq wkh , vwdwh/ dqg lq uhwxuq frqvwudlqhg �upv

sd| xqfrqvwudlqhg �upv lq wkh � vwdwh dqg lq edkw +rxw ri wkh o& ri edkw froodwhudo/ zklfk zdv xqpruwjdjhg

lq dq| fdvh,1 Wklv frqwudfw zrxog eh srvvleoh li wkh w|sh ri �up +frqvwudlqhg yhuvxv xqfrqvwudlqhg, lv

revhuyhg dw gdwh 31 Wklv vhhpv d uhdvrqdeoh dvvxpswlrq +l1h1 fuhglwzruwk| yhuvxv ohvv fuhglw zruwk| �upv,1

Wkh ydoxh ri d groodu lq wkh , vwdwh wr d frqvwudlqhg �up lv/

{n e,

2
: �

zkloh wkh frvw ri pruwjdjlqj rqh xqlw ri wkh edkw froodwhudo lq wkh � vwdwh lv rqo| rqh1 Wkxv/ frqvwudlqhg �upv

duh zloolqj wr sd| d kljk sulfh iru wklv lqvxudqfh frqwudfw1 Xqfrqvwudlqhg �upv �qg wkdw uhgxflqj 	s , lq rughu

wr wdnh wkh rwkhu vlgh ri wkh lqvxudqfh frqwudfw frvwv rqo| e,/ zkloh wkh| vwdqg wr uhds dv kljk dv d suhplxp

ri {neo

2
e| vhoolqj wklv lqvxudqfh1 Wkh sulfh lpsolflw lq wkh lqvxudqfh frqwudfw lqfuhdvhv wkh xqfrqvwudlqhg

�upv* ydoxdwlrq ri grooduv lq wkh , vwdwh wr {neo

2
iurp e,1 Wklv eulqjv ghew fkrlfhv ri xqfrqvwudlqhg dqg

frqvwudlqhg �upv lq olqh zlwk hdfk rwkhu1 Krzhyhu/ vlqfh { : e,/ lw vwloo ohdyhv urrp ehwzhhq wkh vrfldo

ydoxh ri grooduv lq wkh , vwdwh dqg wkh sulydwh ydoxh ri grooduv dqg wkh hfrqrp| lv vwloo ohiw h{fhvvlyho| oldelolw|

groodul}hg1

4:



Krzhyhu/ vlqfh +7, elqgv/

�
n

5
@ z � i ,

iru � ? 41 Zklfk lpsolhv wkdw/

e(� A z � i ,=

Wklv ylrodwhv pdunhw fohdulqj1 Wkhuh lv h{fhvv ghpdqg iru grooduv dw gdwh 41 Dv d uhvxow lw

pxvw eh wkdw � @ h,1

Qrz li h, @ �/ wkhq v_ @ 31 Wkh surjudp iru d �up dw gdwh 3 lv +S9, prgl�hg wr ohw

h, @ �1

pd{&cs�cs , +4� �,+Un .z� i�, . �
�
-no
2 n .�+z � i ,,

�
v=w= i�> i , � z

f+n, @ �i , . +4� �,i�

Wklv surjudp lv lghqwlfdo wr wkdw ri +S8,1 Khqfh/ li � @ 4/ wkh hfrqrp| pdnhv h!flhqw

fkrlfhv lq wkh ghqrplqdwlrq ri lwv oldelolwlhv1

715 Glvfxvvlrq

Wkh hfrqrp| zlwk � @ 4 kdv djjuhjdwh vkrfnv dqg h{fkdqjh udwh  xfwxdwlrqv/ |hw wkhuh

lv qr xqghulqvxudqfh1 Wkh rqo| gl�huhqfh ehwzhhq wkh fdvh zlwk � @ 3 dqg � @ 4 lv wkdw

v_ A 3 lq wkh o vwdwh zkhq � @ 31 Lw lv lpsruwdqw wr uhfrjql}h wkdw wkh xqghulqvxudqfh uhvxow

rqo| dulvhv lq vwdwhv ri wkh zruog zkhuh v_ A 31 Khqfh zh kdyh dujxhg wkdw lq wklv fdvh

grphvwlfv xqghuydoxh lqvxudqfh djdlqvw wkh o vwdwh1 Dw dq devwudfw ohyho/ zlwk d gl�huhqw

vshfl�fdwlrq ri vkrfnv lw lv wkhruhwlfdoo| srvvleoh wr frqvwuxfw d prgho lq zklfk v_ A 3 lq wkh

k vwdwh/ dqg v_ @ 3 lq wkh o vwdwh1 Lq wklv fdvh zh zrxog kdyh wkh rgg uhvxow wkdw grphvwlfv

grq*w vx!flhqwo| ydoxh lqvxudqfh djdlqvw wkh k vwdwh1 Wkh prgho zh kdyh suhvhqwhg shuihfwo|

doljqv wkh lqflghqfh ri d kljk grphvwlf vsuhdg zlwk wkh o vwdwh ri wkh zruog1 Wr xv/ wklv

vhhpv olnh wkh hpslulfdoo| sodxvleoh prgho ri uhdolw| � grphvwlf vsuhdgv whqg wr eh kljkhu

lq fulvlv shulrgv � wkxv wkh$ qdwxu do suhglfwlrq ri wkh prgho lv wkdw wkhuh lv xqghulqvxudqfh

djdlqvw wkhvh vwdwhv1 Qhyhuwkhohvv/ lw lv zruwk srlqwlqj rxw wkdw xqghulqvxudqfh lv fdxvhg

gluhfwo| e| kljk grphvwlf vsuhdgv/ dqg rqo| lqgluhfwo| e| edg vkrfnv1

Wkh jhqhudo sulqflsoh ehklqg rxu uhvxow lv wkdw fuhglw frqvwudlqwv ohdgv wr frqvwudlqhg

ghpdqg iru ixqgv � wkrvh lq qhhg ri ixqgv duh qrw fuhgleoh lq wudqvihuulqj vxusoxv fuhdwhg

e| wkhvh ixqgv wr wkh surylghuv ri wkhvh ixqgv1 Vxssolhuv ri ixqgv/ lq d g|qdplf frqwh{w/

�qg wkdw wkh exvlqhvv ri ohqglqj wr �upv zlwk edg froodwhudo lv qrw d sduwlfxoduo| sur�wdeoh

exvlqhvv dqg wudqvihu wkhlu uhvrxufhv hovhzkhuh1 Lq wkh qh{w vhfwlrq/ zh dujxh wkdw wklv orjlf

dovr khosv h{sodlqv zk| wkh hqwu| ri �vshfldolvw% iruhljq ohqglqj lqwr grphvwlf pdunhwv +l1h1

fuhglw olqh idflolwlhv/ iruhljq edqnv, lv uhwdughg1 Wklv dovr vxjjhvwv d vxsso| fkdqqho iru zk|

iruhljq ohqghuv duh uhoxfwdqw wr ohqg lq grphvwlf fxuuhqf|1

4;



8 Olplwhg Iruhljq Fuhglw Olqhv= Ixuwkhu Frvwv ri Grphvwlf

Ilqdqfldo Xqghughyhorsphqw

Iruhljqhuv/ wkxv idu/ duh sdvvlyh ohqghuv1 Wkh| pdnh qr sur�wv dqg vlpso| ohqg dw wkh

lqwhuqdwlrqdo lqwhuhvw udwh ri rqh1 Qhhgohvv wr vd|/ vxfk fkdudfwhul}dwlrq ri iruhljqhuv +dqg

pdq| grphvwlf vdyhuv, lv kdugo| uhdolvwlf1 Wklv vhfwlrq h{whqgv wkh prgho wr vwxg| wkh h�hfwv

ri �qdqfldo xqghughyhorsphqw rq iruhljq ohqglqj ghflvlrqv1 Iru wklv/ zh lqwurgxfh dq dfwlyh

pdujlq zkhuhe| iruhljq ohqghuv pd| sd| d �{hg frvw dqg fkrrvh wr vshfldol}h lq ohqglqj wr

wkh grphvwlf pdunhw1 Zh fkdudfwhul}h erwk wkh txdqwlw| ri iruhljq ohqglqj dqg wkh irup wkdw

lw wdnhv1 Wkh txdqwlw| uhvxowv vwhp gluhfwo| iurp vhfwlrq 71 Li grphvwlf �qdqfldo pdunhwv

duh xqghughyhorshg wkhuh zloo eh olplwhg hqwu| ri iruhljqhuv lqwr wkh grphvwlf pdunhw/ dv

ohqghuv �qg wkdw wkh exvlqhvv ri ohqglqj wr �upv zlwk srru froodwhudo lv qrw d sur�wdeoh rqh1

Frqglwlrqdo rq hqwu|/ zh vkrz wkdw wkh rswlpdo frqwudfwv wkdw wkhvh iruhljq ohqghuv h{whqg

orrn yhu| pxfk olnh frqwlqjhqw fuhglw olqhv1 Ilqdoo|/ zh lqwurg$ xfh fr psohphqwdulwlhv lq

iruhljq ohqglqj ghflvlrqv dqg ghprqvwudwh krz �qdqfldo xqghughyhorsphqw pd| dovr lqfuhdvh

wkh lqwhuhvw udwhv dqg lqvxudqfh suhpld fkdujhg e| iruhljq ohqghuv1

814 Iruhljq Vshfldolvwv

Ohw xv uhwxuq wr wkh prgho ri vhfwlrq 714/ zlwk 3 ? � ? 41 Vxssrvh wkdw wkhuh lv d xqlw

phdvxuh ri iruhljq ohqghuv/ hdfk zlwk d gdwh 3 hqgrzphqw lq grooduv ri zs 1 Hdfk ohqghu

fdq fkrrvh wr sd| d �{hg frvw ri I +grooduv, dw gdwh 3 lq rughu wr �vshfldol}h% lq grphvwlf

ohqglqj1 Li wkh| sd| wkh �{hg frvw/ wkh| fdq ydoxh edkw jrrgv dv gr grphvwlf djhqwv=

X @ f( . f�

zkloh li wkh| gr qrw=

X @ f(=

Sd|lqj wkh �{hg frvw doorzv vshfldolvwv wr frxqw wkh un ri edkw rxwsxw dv froodwhudo iru

dq| ohqglqj1 Zlwk wklv prgl�fdwlrq/ zh fdswxuh wkh lghd wkdw vshfldol}lqj lq wkh grphvwlf

pdunhw hqdeohv wkh lqyhvwru wr uhfhlyh kljkhu uhwxuqv rq ohqglqj wr grphvwlfv14<

D vshfldolvw kdv zs grooduv wkdw kh zloo lqyhvw lq ordqv edfnhg e| grphvwlf edkw froodwhudo1

Exw kh fdq lpsuryh lwv uhwxuq +vhh ehorz, li kh �uvw hqwhuv lqwr d frqwlqjhqw djuhhphqw

zlwk iruhljq qrq0vshfldolvwv1 Lq sduwlfxodu/ kh zloo zdqw wr kdyh wkh pd{lpxp srvvleoh

lqwhuqdwlrqdo oltxlglw| zkhq lw lv prvw ydoxdeoh +wkh o vwdwh,1 Kh grhv vr e| frqyhuwlqj klv

4<Frqfuhwho|/ rqh pljkw lpdjlqh wkhvh edkw jrrgv duh dffhswdeoh sd|phqw li wkhuh duh pdq| pruh shulrgv

diwhu gdwh 5/ dqg wkh iruhljq vshfldolvw fdq uhlqyhvw wkhvh edkw jrrgv lq surgxfwlrq ri wkh h{sruw vhfwru dqg

lq wklv zd| uhwulhyh klv sd|phqwv ryhu wlph1 Lq wklv fdvh/ zh vkrxog lqwhusuhw 8 dv wkh frvw ri dftxlulqj wkh

nqrzohgjh ri exvlqhvv sudfwlfhv wkdw hqdeohv wklv vshfldolvw wr uhpdlq lq wkh grphvwlf pdunhw1

4<



gdwh 3 zs grooduv lqwr �s

Z
grooduv dw gdwh 4 lq wkh o vwdwh �dqg 3 grooduv lq wkh k vwdwh� e|

wudqvdfwlqj zlwk rwkhu iruhljq qrq0vshfldolvw ohqghuv1 Wkdw lv wr vd|/ wkh vshfldolvw lqyhvwv

lq d frqwlqjhqw fodlp wkdw sd|v �
Z
grooduv lq wkh o vwdwh1 Vlqfh iruhljq qrq0vshfldolvwv duh

ulvn qhxwudo/ wkh| zrxog zloolqjo| vxsso| vxfk d fodlp1

Wkh �s

Z
grooduv fdq wkhq eh lqyhvwhg djdlqvw edkw froodwhudo dw gdwh 4 dw wkh h{fkdqjh

udwh ri h, A 4/ hduqlqj wkh vshfldolvw/
zs

�
h,

edkw dw gdwh 5 lq wkh o vwdwh1 Wkxv hqwu| jlyhv h{shfwhg xwlolw| ri/

Xe @ zsh, � I

zkloh qrq hqwu| jlyhv xwlolw| ri

X?e @ zs

Ohw xv ghqrwh e| 3 ? � ? 4 wkh iudfwlrq ri iruhljqhuv wkdw fkrrvh wr hqwhu wkh grphvwlf

pdunhw1 Wkh iuhh hqwu| frqvwudlqw ghwhuplqhv wkdw � lv vxfk wkdw=

zs +h, � 4, @ I

Qrwh wkdw li v_ lv kljk/ wkhq h, � 4 zloo eh orz +iru jlyhq sduwlflsdwlrq, dqg iruhljq hqwu|

zloo eh olplwhg1 Wklv lv wkh h�hfw ri �qdqfldo ghyhorsphqw rq vshfldolvw hqwu|1 Ehiruh

fkdudfwhul}lqj wkh htxloleulxp zlwk hqwu|/ ohw xv gh�qh wkh ohqglqj frqwudfw1

815 Frqwlqjhqw Ohqglqj Frqwudfw

Gh�qlwlrq 7 +Vshfldolvw Ohqglqj Frqwudfw,

D frqwudfw ehwzhhq d iruhljq vshfldolvw dqg d grphvwlf �up zloo vshfli|/ +gfm> g
�
m > g

,
m,/ dv

sd|phqwv iurp vshfldolvw wr grphvwlf �up1 Wkh uhvrxufh frqvwudlqw iru wkh ohqghu zloo uhtxluh

wkdw/

gfm . +4� �,g�m . �g,m @ zs = +;,

Wkdw lv/ wkh h{shfwhg suhvhqw ydoxh ri wkhvh sd|phqwv pxvw htxdo zs +uhfdoo wkdw wkh vshfldolvw

kdv douhdg| vljqhg d frqwlqjhqw frqwudfw zlwk iruhljq qrq0vshfldolvw,1 Wkh frqwudfw zloo dovr

vshfli| edkw uhsd|phqwv ri +w�> w,, iurp �up wr vshfldolvw ohqghu/ vdwlvi|lqj/

w�> w, � Un

li wkh �up lv xqfrqvwudlqhg/ dqg

w�> w, � un

li wkh �up lv frqvwudlqhg1
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Wkh odvw wzr frqvwudlqwv duh vlpso| wkdw surplvhg uhsd|phqwv ri +w�> w,, pxvw eh ixoo|

froodwhudol}hg1 Vlqfh wkh vshfldolvw fdq dozd|v hduq h, � 4 rq klv grooduv/ wkh frqwudfw pxvw

vdwlvi|/

+4� �,w� . �w, @ h,+gfm . +4� �,g�m . �g,m, +<,

Frqvlghu qh{w wkh sureohp iru d frqvwudlqhg �up1 Lq dgglwlrq wr pdnlqj d eruurzlqj

ghflvlrq iurp iruhljq qrq0vshfldolvwv/ lw fdq dovr fkrrvh wr eruurz iurp iruhljq vshfldolvwv1

Wkxv/

+S:, pd{&cs�cs ,c_f
m
c_�
m
c_,
m
c|�c|, +4� �,+Un .z . g�m � i� � w�,.

� �
2

�
+U� w, . +u� w,,{

e,
,n . +�. h,,+z . g,m � i ,,

�
v=w= i�> i , � z

w�> w, � un

+4� �,w� . �w, @ h,+gfm . +4� �,g�m . �g,m,

f+n, @ �i , . +4� �,i� . gfm

Wkh iroorzlqj ohppd fkdudfwhul}hv wkh vroxwlrq wr wklv sureohp1

Ohppd 43 +Frqwlqjhqw Fuhglw Olqhv, Wkh rswlpdo vshfldolvw ohqglqj frqwudfw zloo kdyh wkh

vshfldolvw ohqglqj grooduv dw gdwh 3 dqg dw gdwh 4 lq wkh o vwdwh1 Lq uhwxuq/ wkh vshfldolvw zloo

uhfhlyh edkw uhsd|phqwv lq wkh k vwdwh/ dqg srwhqwldoo| vrph edkw uhsd|phqw lq wkh o vwdwh1

Wklv fdq eh lqwhusuhwhg dv d fuhglw olqh iurp zklfk wkh �up gudzv grzq gfm dw gdwh 3/ dqg

g�m lq wkh o vwdwh/ dqg sd|v d ihh ri w� lq wkh kljk vwdwh/ dqg li wkh olqh lv gudzq grzq lq wkh

o vwdwh/ d ihh ri w,1

Zh uhohjdwh wkh surri ri wklv ohppd wr wkh dsshqgl{/ exw wkh hvvhqfh ri lw fdq eh

lpphgldwho| vhhq iurp wkh vwuxfwxuh ri wkh frqvwudlqhg �up*v sureohp=

� Iru wkh vdph uhdvrq wkdw i� @ z/ wkh �up zloo fkrrvh wr vhw g�m @ 31 Wkdw lv/ vlqfh

kdylqj h{fhvv grooduv lq wkh k vwdwh lv qrw ydoxhg/ wkh �up zrxog suhihu wr kdyh qrqh1

� Olnhzlvh vlqfh grooduv duh ydoxhg lq wkh orz vwdwh wr frsh zlwk wkh surgxfwlrq vkrfn/

g,m A 31 Pruhryhu/ vlqfh surgxfwlrq dw gdwh 3 lv d sur�wdeoh hqwhusulvh/ gfm A 31

� Ilupv grq*w ydoxh kdylqj dq| vodfn lq wkh k vwdwh1 Dv d uhvxow wkh| zloo ixoo| eruurz

djdlqvw wkhlu grphvwlf froodwhudo ri un dqg vhw w� @ un1

� Eruurzlqj djdlqvw rqh xqlw ri grphvwlf froodwhudo lq wkh o vwdwh jhqhudwhv grooduv dw

gdwh 3 ri Z
e,
1 Krzhyhu/ zdlwlqj wloo gdwh 4 wr eruurz djdlqvw xqlw ri grphvwlf froodwhudo

lq wkh o vwdwh jhqhudwhv grooduv dw gdwh 4 lq wkh o vwdwh ri �
e,
1 Lq wkh remhfwlyh ixqfwlrq/

wkh odwwhu lv zhljkwhg e| �/ dqg khqfh zh fdq frqfoxgh wkdw wkh �up lv lqgl�huhqw rq

dq| fkrlfh ri w, � 31
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816 Htxloleulxp/ Hqwu|/ dqg Ilqdqfldo Ghyhorsphqw

Ohw xv wxuq qh{w wr htxloleulxp dqg dvn krz pdq| vshfldolvwv hqwhu wkh grphvwlf pdunhw dw

gdwh 31

Dw gdwh 4 lq wkh o vwdwh/ pdunhw fohdulqj kdv glvwuhvvhg frqvwudlqhg �upv vhoolqj un � w,

ri grphvwlf froodwhudo dqg glvwuhvvhg xqfrqvwudlqhg �upv vhoolqj Un� w,1 Dv zh qrwhg/ �upv

duh lqgl�huhqw rq wkh fkrlfh ri w,1 Lq idfw wkhuh duh wzr fdvhv1 Li/ �zsh, ? +4��,un.�Un/

wkhq w, @ 3> rwkhuzlvh w, A 3153 Iru vlpsolflw|/ ohw xv wdnh wkh fdvh zkhuh w, @ 3 +wkhuh lv d

zlgh udqjh ri sdudphwhuv zkhuh wklv dvvxpswlrq lv ydolg,1 Vlqfh lqwdfw �upv kdyh z�i ,.g,m
grooduv=

h, @
+4� �,un . �Un

z� i , . g,m
=

Qrz vxssrvh wkdw � vshfldolvwv fkrrvh wr hqwhu wkh pdunhw/ wkhq uhzulwlqj +;, zlwk

g�m @ 3/ zh kdyh/

g,m @ �
zs � gfm

�
=

Vxevwlwxwlqj wklv lqwr wkh deryh h{suhvvlrq |lhogv=

h, @ ++4� �,u . �U,
n

z � i , . �
�s3_f

m

Z

=

Doo wklqjv ehlqj htxdo/ h, lv ghfuhdvlqj lq �1 Lq idfw/ n> i , dqg gfm zloo dovr fkdqjh zkhq h,

fkdqjhv vlqfh wkhvh txdqwlwlhv duh ghwhuplqhg lq htxloleulxp1 Krzhyhu/ lw lv hdv| wr vkrz

wkdw Ye,

Yk
? 3154 Dv pruh iruhljq vshfldolvwv fkrrvh wr hqwhu wkh pdunhw/ wkh vxsso| ri grooduv

lq wkh o vwdwh ulvhv dqg khqfh wkh h{fkdqjh udwh dssuhfldwhv1

Wkh qh{w frpsdudwlyh vwdwlf zruwk qrwlqj lv wkdwYe
,

Yb
A 31 Wkdw lv/ dv wkh grphvwlf

pdunhw kdv pruh xqfrqvwudlqhg �upv vr wkdw lw lv pruh ghyhorshg/ wkhuh lv pruh grphvwlf

froodwhudo dqg wkh uhwxuq rq ohqglqj grooduv wr wkhvh �upv ulvhv dqg khqfh h, ulvhv1 Iljxuh

4 ehorz uhsuhvhqwv wklv dv dq htxloleulxp iru wkh hqwu| ghflvlrq1 Wkh vrolg olqh uhsuhvhqwv

wkh ghpdqg iru iruhljq vshfldolvw ixqgv dv d ixqfwlrq ri wkh h{fkdqjh udwh1 Wkh fxuyh g�

53Wkh orjlf ehklqg wklv frqvwudlqw lv wkdw �upv dozd|v suhihu wr sd| iruhljq vshfldolvwv zlwk froodwhudo lq

wkh � vwdwh1 Dw pd{lpxp/ wklv lv E�3b�o&nb-&1 Iruhljqhuv uhtxluh d uhwxuq ri e, rq wkh djjuhjdwh grooduv

ri k�s wkdw hqwhu wkh grphvwlf pdunhw1 Wkh frqvwudlqw iroorzv1
54Wkh dojheud lv dv iroorzv1 Gl�huhqwldwlqj dqg uhzulwlqj/

&

� 3 s , n k
�i

3_3
'

Z

�s 3 _fm
Z

' 3Ye,

Yk
f

#
�

E�3 b�on b-
3 Y&

Ye,
�

� 3 s , n k
�i

3_3
'

Z

3 &

E� 3 s , n k
�i

3_3
'

Z
�2

�
Ys ,

Ye,
n

k

Z

Y_fm
Ye,

�$

Vlqfh/ Y&

Yeo
c Ys

o

Yeo
c
Y_3

'

Yeo
	 f/ zh kdyh wkh vljq1
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Figure 1: Entry by Foreign Specialists

F
wf

Iljxuh 4=

uhsuhvhqwv ghpdqg lq dq hfrqrp| zklfk lv pruh �qdqfldo ghyhorshg +l1h1 � lv kljkhu,1 Vlqfh

iruhljqhuv uhtxluh wkdw/

h, . 4 @
I

zs

lq rughu wr hqwhu/ lq wkh uhjlrq zkhuh � ? 4/ � lv vxfk wkdw wkh htxloleulxp h{fkdqjh udwh

lv h{dfwo| h, @ 8
�s � 41

Ohppd 44 Lq wkh uhjlrq zkhuh � ? 4 dqg w, @ 3/ � lv lqfuhdvlqj lq �1 Ilqdqfldo ghyhors0

phqw lqfuhdvhv iruhljq vshfldolvw hqwu| lqwr wkh grphvwlf ohqglqj pdunhw1

817 Vxsso| Pxowlsolhu dqg Ilqdqfldo Ghyhorsphqw

Ohw xv sdxvh iru d prphqw dqg wdnh vwrfn1 Rxu h{sodqdwlrq iru h{fhvvlyh groodu oldelolwlhv

lv wkdw grphvwlf �upv orrn dw wkh lqwhuhvw udwh fkdujhg zkhq eruurzlqj lq edkw/ frpsduh

wklv wr wkh lqwhuhvw udwh fkdujhg lq grooduv/ ixoo| uhfrjql}h wkdw wkhuh lv h{fkdqjh udwh ulvn li

wkh| rsw iru groodu eruurzlqj/ dqg |hw frqfoxgh wkdw lw lv suhihudeoh wr eruurz +pruh wkdq
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wkh fhqwudo sodqqhu grhv, lq grooduv1 Wkh h{sodqdwlrq uhvwv sxuho| rq grphvwlf ghpdqg iru

lqvxudqfh djdlqvw edg djjuhjdwh rxwfrphv1 Exw lw zrxog dsshdu wkdw lq uhdolw| wkhuh lv dovr

dqrwkhu vlgh ri wkh vwru|1 Ohqghuv �l1h1 prvwo| iruhljqhuv� pd| hydoxdwh ohqglqj lq edkw

ylv0d0ylv ohqglqj lq grooduv/ dqg frqfoxgh wkdw wkh| uhtxluh dq h{wuhpho| kljk suhplxp iru

wkh iruphu rswlrq1 Ehorz zh vkrz wkdw lw lv srvvleoh wr frqqhfw vxfk vxsso| uhvsrqvh wr

wkh yhu| vdph gh�flhqflhv wkdw ohg wr ghsuhvvhg ghpdqg1

Ri frxuvh/ rqh wulfn| txhvwlrq wkdw qhhgv wr eh dgguhvvhg lv= wrr kljk d suhplxp uhodwlyh

wr zkdwB Lq rxu prgho zlwk sdvvlyh iruhljqhuv/ wklv txhvwlrq frxog qrw eh dgguhvvhg1 Iru0

hljqhuv zhuh ulvn qhxwudo dqg frpshwlwlyh dqg surylghg lqvxudqfh hodvwlfdoo| dw dfwxduldoo|

idlu sulfhv1 Lqwurgxflqj iruhljq vshfldolvw ohqghuv jlyhv d srlqw ri frpsdulvrq zkhuhe| wklv

txhvwlrq fdq eh dgguhvvhg1

Zh kdyh douhdg| vhhq wkdw iruhljq vshfldolvwv surylgh dq lqvxudqfh uroh e| hqwhulqj

lqwr wkh grphvwlf pdunhw dqg dffhswlqj edkw froodwhudo djdlqvw wkhlu ordqv1 Lqghhg/ wkh

frqwlqjhqw fuhglw olqhv wkdw wkh| h{whqg duh idvklrqhg wr surylgh lqvxudqfh djdlqvw wkh o

vwdwh +hvshfldoo| zkhq w, @ 3,1 Olplwhg lqvxudqfh vxsso| zrxog phdq wkdw iruhljq vshfldolvwv

uhtxluh wrr kljk d uhwxuq rq wkhlu surylvlrq ri frqwlqjhqw fuhglw olqhv1 Iru h{dpsoh/ li d

iruhljq vshfldolvw zhuh wr ohqg grooduv dw gdwh 3 dqg uhfhlyh edfn grooduv dw gdwh 4/ kh zrxog

fkdujh dw wkh lqwhuqdwlrqdo lqwhuhvw udwh ri rqh rq wklv ordq1 Krzhyhu/ li wkh vdph vshfldolvw

uhfhlyhg edkw froodwhudo djdlqvw klv ordq/ wkhq +<, whoov kh zrxog uhtxluh d uhwxuq ri h, rq klv

ordq1 Lq wkh fdvh ri frqwlqjhqw fuhglw olqhv zlwk w, @ 3/ wkh iruhljq vshfldolvw uhtxluhv wkdw/

+4� �,w� @ h,+gfm . �g�m,=

Wkxv/ zh vkdoo lqwhusuhw h, � 4 dv wkh suhplxp iru ohqglqj djdlqvw edkw froodwhudo iru d

iruhljq vshfldolvw1

Prylqj eh|rqg hphujlqj pdunhw ghew/ wkhuh vhhpv wr eh vrph wkhru| dqg hylghqfh

iru olplwhg lqvxudqfh vxsso| lq rwkhu dvvhw pdunhwv ohdglqj wr kljk oltxlglw| suhpld1 Iru

h{dpsoh/ lw lv riwhq srlqwhg rxw wkdw wkh fdwdvwurskh lqvxudqfh pdunhw lv vhyhuho| fdslwdo

frqvwudlqhg ohdglqj wr yhu| kljk lqvxudqfh suhplxpv dqg lqvxudqfh f|fohv +vhh Iurrw dqg

R*Frqqhoo BB,1 Vrph ri wkh h{sodqdwlrqv iru wkh phowgrzq lq wkh XV fuhglw pdunhw gxulqj

wkh idoo ri *<; dujxh wkdw khgjh ixqgv zklfk duh qrupdoo| oltxlglw| vxssolhuv wr pdunhwv/

vxfk dv OWFP/ juhz frqvwudlqhg dqg ehfdph oltxlglw| xvhuv dv wkh| h{lwhg iurp pdunhwv155

Jlyhq rxu irfxv rq grphvwlf xqghughyhorspqhw/ zh vkdoo uhvwulfw dwwhqwlrq wr vwxg|lqj

d fkdqqho zkhuhe| grphvwlf xqghuyhorsphqw fdxvhv wrr kljk d ohqglqj suhplxp1 Zkhq

wkh grphvwlf pdunhw lv xqghughyhorshg/ iruhljq vshfldolvw hqwu| lv dovr olplwhg/ dv iruhljqhuv

�qg ohqglqj lq wkh grphvwlf pdunhw xqsur�wdeoh1 Qrz rqh sodxvleoh dyhqxh wkurxjk zklfk

55Vhh [lrqj +111, iru dq dqdo|vlv ri zhdowk frqvwudlqhg khgjh ixqgv/ ru Doohq dqg Jdoh +4<<7, iru d prgho

zlwk vlplodu uhvxowv/ exw lq d pdunhw vhjphqwdwlrq/ vwrfn pdunhw prgho1 Vhh Kropvwurp dqg Wluroh +4<<;,

dqg Nulvkqdpxuwk| +5333, iru olplwhg lqvxudqfh vxsso| lq d pdfurhfrqrplf frqwh{w1
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Figure 2: Complementary Entry Decisions

F
wf

1 +
F
wf

Iljxuh 5=

wklv pd| d�hfw vxsso| lv d wklq pdunhw h{whuqdolw|1 Wkdw lv wr vd|/ vxssrvh iruhljq ohqghuv

suhihu wr ohqg lq d pdunhw lq zklfk wkhuh duh douhdg| rwkhu iruhljq ohqghuv1 D plfurhfrqrplf

prgho iru wklv skhqrphqd lv surylghg lq Doohq dqg Jdoh +4<<7,1 Zh ghihu wr wkhlu uhvxowv/

dqg wdnh d uhgxfhg irup dssurdfk wr wklv lvvxh e| srvlwlqj frpsohphqwdulw| lq iruhljq hqwu|

ghflvlrqv156 Vxssrvh wkdw I ghshqgv rq wkh dprxqw ri hqwu|/ vr wkdw/

I +�, @

;?
=

�I li � � a�

I li � A a�

Iljxuh 5 looxvwudwhv wkh h�hfw ri frpsohphqwdulw|1

Dw wkh orz ohyho ri �qdqfldo ghyhorsphqw fruuhvsrqglqj wr g/ wkhuh lv wkh srvvlelolw| wkdw

iruhljq vshfldolvwv dqwlflsdwh olwwoh hqwu| e| rwkhuv dqg vwd| rxw ri wkh pdunhw1 Krzhyhu/ li

56 Lqyhvwruv lq wkh Doohq dqg Jdoh +4<<7, prgho pxvw sd| d �{hg frvw wr hqwhu wkh pdunhw1 Lqyhvwruv idfh

wkh ulvn wkdw wkh| pd| kdyh wr oltxlgdwh dqg h{lw wkh pdunhw1 Lq wklv lqvwdqfh wkh| suhihu wkdw wkhuh duh

rwkhu lqyhvwruv lq wkh pdunhw dv wk$ lv lqf uhdvhv oltxlgdwlrq ydoxhv dqg uhgxfhv h{0dqwh yduldqfh ri dvvhw

sulfhv1 Wkhuh lv wkxv d frpsohphqwdulw| ehwzhhq wkh hqwu| ghflvlrqv ri lqyhvwruv1
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wkh pdunhw lv vx!flhqwo| ghyhorshg +g�,/ wklv srvvlelolw| glvdsshduv/ dv doo vshfldolvwv h{shfw

d orw ri hqwu| dqg wkhuhiruh hqwhu wkhpvhoyhv1 Frqwudvwlqj wkh htxloleulxp oltxlglw| suhpld/

zh vhh wkdw dv � ulvhv dqg htxloleulxp vkliwv wr g�/ wkh suhplxp fkdujhg e| iruhljq vshfldolvwv

dovr idoov1

9 Ilqdo Uhpdunv

Zh ehjdq wkh sdshu kljkoljkwlqj dq dssduhqw glohppd= H{fhvvlyh groodul}dwlrq ri sulydwh

oldelolwlhv kdv sod|hg d fhqwudo uroh lq prvw uhfhqw hphujlqj pdunhw fulvhv1 Exw jlyhq wkdw

wklv lv d sulydwh ghflvlrq/ zk| grq*w �upv dqwlflsdwh wkh gdqjhuv dqg dyrlg groodu ghew1

Rxu dqvzhu ehjdq zlwk d prwlyh wr krdug lqwhuqdwlrqdo oltxlglw|= �upv h{shulhqfh rf0

fdvlrqdo qhhgv ri h{whuqdo uhvrxufhv dqg wkh frxqwu| kdv rqo| olplwhg dffhvv wr lqwhuqdwlrqdo

�qdqfldo pdunhwv � pruhryhu/ oltxlgdwlrq ru olplwhg uhlqyhvwphqw lq xq�qlvkhg surmhfwv lv

yhu| frvwo|1 Sxufkdvlqj lqwhuqdwlrqdo lqvxudqfh djdlqvw vkrfnv wkdw lqfuhdvh wkh djjuhjdwh

udwlr ri qhhgv wr dydlodelolw| ri h{whuqdo uhvrxufhv lv dq h!flhqw phfkdqlvp wr krdug wklv

oltxlglw|/ dqg lvvxlqj ghew ghqrplqdwhg lq grphvwlf udwkhu wkdq lq iruhljq fxuuhqf| lpsoh0

phqwv wklv lqvxudqfh1

Wkh uhdvrq iru xqghulqvxudqfh olhv lq dqrwkhu �qdqfldo pdunhw lpshuihfwlrq= wkh olplwhg

grphvwlf froodwhudo ri glvwuhvvhg �upv1 Zkhq wkhvh frqvwudlqwv duh zlghvsuhdg/ wkhuh lv

uhvwulfwhg frpshwlwlrq iru dydlodeoh lqwhuqdwlrqdo oltxlglw|/ vlqfh ghpdqg lv frqvwudlqhg e|

lqvx!flhqw grphvwlf froodwhudo udwkhu wkdq e| pdujlqdo surgxfw1 Lq htxloleulxp/ wklv ohdgv

wr d sulydwh ryhuydoxdwlrq ri grphvwlf froodwhudo �vlqfh wkhuh lv olwwoh frpshwlwlrq zlwk

rwkhu grphvwlf froodwhudo� dqg xqghuydoxdwlrq ri lqwhuqdwlrqdo oltxlglw| �vlqfh lw idfhv d

frqvwudlqhg ghpdqg1 Dv d uhvxow/ �upv ghpdqg dqg surgxfh wkh zurqj nlqg ri oltxlglw| dqg

froodwhudo1 D sduwlfxodu glphqvlrq ri wklv v|qgurph lv wkh lqvx!flhqw ghpdqg iru h{whuqdo

lqvxudqfh/ dqg d sduwlfxodu glphqvlrq ri xqghulqvxudqfh lv wkh h{fhvvlyh groodu0lqghewhgqhvv1

Rqfh grphvwlf �qdqfldo xqghughyhorsphqw vkulqnv wkh vl}h ri wkh h�hfwlyh lqwhuqdwlrqdo

oltxlglw| pdunhw/ lw wdnhv rqo| d vwhs wr kdyh dovr wkh vxsso| ri vxfk oltxlglw| e| iruhljq

vshfldolvwv vkulqn1 Wkxv vxsso| dqg ghpdqg idfwruv uhlqirufh hdfk rwkhu1

Lq Fdedoohur dqg Nulvkqdpxuwk| +5333, zh vkrz wkdw wklv hqylurqphqw prwlydwhv lq0

whuyhqwlrq wr pdqdjh wkh lqwhuqdwlrqdo oltxlglw| ri d frxqwu|1 Krzhyhu/ zh dovr vkrz wkdw

dwwhpswlqj wr gr vr zlwklq wkh frqvwudlqwv eurxjkw derxw e| looltxlg grphvwlf �qdqfldo

pdunhwv fdq eh gdqjhurxv dqg srolf| lqwhuyhqwlrq pd| edfn�uh1 Pdq| ri wkh lvvxhv dqg

olplwdwlrqv zh glvfxvvhg wkhuh zrxog dsso| khuh dv zhoo= lq sduwlfxodu/ wr wkh txhvwlrq ri

zkhwkhu d fhqwudo sodqqhu vkrxog frqwudfw frqwlqjhqw h{whuqdo fuhglw olqhv iru wkh sulydwh

vhfwru1

Dqrwkhu lvvxh wkdw dulvhv/ lv zkhwkhu shupdqhqwo| �{lqj wkh qrplqdo h{fkdqjh udwh
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vroyhv wkh sureohp e| holplqdwlqj wkh qhhg iru lqvxudqfh1 Dw vrph ohyho wkh dqvzhu wr

wklv txhvwlrq lv reylrxvo| qr1 Rxu glvfxvvlrq uhihuuhg wr wkh uhdo udwkhu wkdq wkh qrplqdo

h{fkdqjh udwh dqg wkh lqwhuqdwlrqdo oltxlglw| frqvwudlqw lv d uhdo uhvrxufh frqvwudlqw udwkhu

wkdq d grphvwlfdoo| pdqgdwhg rqh1 Rq wkh rwkhu kdqg/ rxu fxuuhqw iudphzrun lv qrw zhoo

vxlwhg iru dgguhvvlqj vxfk txhvwlrq vlqfh rxu uhdo h{fkdqjh udwh uhsuhvhqwv d frqyroxwlrq

ri revhuyhg h{fkdqjh udwhv dqg grphvwlf dvvhw sulfhv +lqwhuhvw udwhv,1 Gl�huhqw prghov

derxw jrrgv pdunhwv dqg wkh h{whqw dqg qdwxuh ri vhjphqwdwlrq ri wkh gl�huhqw grphvwlf

dvvhwv pdunhwv |lhog gl�huhqw pdsslqjv iurp rxu iudphzrun wr qrplqdo h{fkdqjh udwhv1

Dgguhvvlqj wklv lvvxh lv wkh qh{w vwhs lq rxu djhqgd1
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D Dsshqgl{

D14 Surri ri Ohppd 6

Wdnh wkh Odjudqjldq iru +S8,/

OW @ +4� �,+UN .Z � I�, . �
4
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�
+U. u,N . 5�+Z � I ,,
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Iluvw/
COW

CN
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U. u

5
� �f�+N, @ 3

Olnhzlvh/ li �� @ 3/ lw zrxog eh wkdw/

COW

CI�
@ �+4� �, . �+4� �, @
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f�+N,

�
+4� �,U. �

U. u
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� f�+N,
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Zkhuh zh vxevwlwxwhg lq � iurp deryh dqg qrwhg wkdw wkh surmhfw lv vx!flhqwo| sur�wdeoh

dw gdwh 3 wr duulyh dw wkh lqhtxdolw|1 Vlqfh YnW

Y8� A 3/ lw pxvw eh wkdw I� @ Z 1 Wkh vdph

orjlf dssolhv wr wkh fdvh ri +S7,1

D15 Surri ri Ohppd 7

Frqvlghu wkh IRF iru I , lq +S8,/

COW

CI ,
@ �� . �� @

�

f�+N,

�
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U. u
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�

Jlyhq rxu whfkqlfdo dvvxpswlrqv/ wklv zloo hqvxuh Z A I , A 31 Qrz frqvlghu wkh IRF iru

i , lq +S7,1 Wklv lv/
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dv orqj dv � A h,1 Wklv ylrodwhv wkh IRF/ vr lw pxvw eh wkdw i , A I , li v_ @ �� h, A 31

D16 Surri ri Ohppd :
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Vxssrvh wkdw i , @ ai ,/ wkhq lw pxvw dovr eh wkdw n @ an/ dqg/
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Zklfk fdq eh uhzulwwhq dv/

CaO
C ai ,

@
CO
Ci ,

.
�

f�+n,

#
�

5h,
+u � h,,+h, ��, .

�� h,

5
f�+n,

$
=

Iru � A h, A u/ erwk whupv lq wkh sduhqwkhvhv duh srvlwlyh1 Lq wklv fdvh/ lw pxvw eh wkdw
ai , A i ,1 Zh frxog dovr uhzulwh wklv dv/
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Uhihuhqfhv

^4` Doohq/ I1 dqg G1 Jdoh/ �Olplwhg Pdunhw Sduwlflsdwlrq dqg Yrodwlolw| ri Dvvhw Sulfhv/%

Dphulfdq Hfrqrplf Uhylhz ;707/ Vhswhpehu 4<<7/ ss1 <660<881

^5` Doohq/ I1 dqg G1 Jdoh/ �Rswlpdo Fxuuhqf| Fulvhv/% plphr/ Zkduwrq Vfkrro/ Pdufk

53331

^6` Fdedoohur/ U1M1 dqg D1 Nulvkqdpxuwk|/ �Hphujlqj Pdunhw Fulvhv= Dq Dvvhw Pdunhwv

Shuvshfwlyh/% PLW plphr/ Qryhpehu 4<<<1

^7` Fdedoohur/ U1M1 dqg D1 Nulvkqdpxuwk|/ �Lqwhuqdwlrqdo Oltxlglw| Pdqdjhphqw= Vwhulo0

l}dwlrq Srolf| zlwk Looltxlg Ilqdqfldo Pdunhwv/% QEHU ZS &B/ Pd| 53331

^8` Fkdqj/ Urehuwr dqg Dqguhv Yhodvfr/ �Wkh Dvldq Oltxlglw| Fulvlv/� plphr Dwodqwd

IHG/ Mxo| 4<<;e1

^9` Gldprqg/ Grxjodv Z1 dqg G|eylj/ Sklols K1/ �Edqn Uxqv/ Ghsrvlw Lqvxudqfh/ dqg

Oltxlglw|/� Mrxuqdo ri Srolwlfdo Hfrqrp| <406/ Mxqh 4<;6/ ss1 73404<1

^:` Grroh|/ P1/ �Uhvsrqvhv wr Yrodwloh Fdslwdo Iorzv= Frqwurov/ Dvvhw0Oldelolw| Pdqdjh0

phqw dqg Dufklwhfwxuh/% Zruog Edqn Frqihuhqfh rq Fdslwdo Iorzv/ Ilqdqfldo Fulvhv

dqg Srolflhv/ Dsulo 4<<<1

^;` Jldyd}}l/ Iudqfhvfr dqg Pdufr Sdjdqr/ �Frq�ghqfh Fulvhv dqg Sxeolf Ghew Pdqdjh0

phqw/� lq Sxeolf Ghew Pdqdjhphqw= Wkhru| dqg Klvwru|/ hg Uxgljhu Gruqexvfk dqg

Pdulr Gudjkl1 Fdpeulgjh Xqlyhvlw| Suhvv/ s1<7044;1

^<` Jrogidmq/ Lodq dqg Urguljr R1 Ydoghv/ �Wkh Wzlq Fulvhv dqg wkh Uroh ri Ilqdqfldo

Lqwhuphgldwlrq/� LPI plphr/ Dxjxvw 4<<;1

^43` Kropvwurp/ Ehqjw dqg Wluroh/ Mhdq/ �Sulydwh dqg Sxeolf Vxsso| ri Oltxlglw|/� Mrxuqdo

ri Srolwlfdo Hfrqrp| 43904/ Iheuxdu| 4<<;/ ss1 40731

^44` Nulvkqdpxuwk|/ Duylqg/ �Froodwhudo Frqvwudlqwv dqg wkh Fuhglw Fkdqqho/� plphr PLW/

Mdqxdu| 4<<;1
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